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Abstract. We study the arithmetic properties of projective varieties of almost minimal degree, 
that is of non-degenerate irreducible projective varieties whose degree exceeds the codimension 
by precisely 2. We notably show, that such a variety X C is either arithmetically normal 
(and arithmetically Gorenstein) or a projection of a variety of minimal degree X C P' +i from 
an appropriate point p E p' +i \ X, We focus on the latter situation and study X by means of 
the projection X X. 

If X is not arithmetically Cohen-Macaulay, the homogeneous coordinate ring B of the pro- 
jecting variety X is the endomorphism ring of the canonical module K{A) of the homogeneous 
coordinate ring A of X. If X is non-normal and is maximally Del Pezzo, that is arithmetically 
Cohen-Macaulay but not arithmetically normal B is just the graded integral closure of ^. It turns 
out, that the geometry of the projection X ^ X is governed by the arithmetic depth of X in any 
case. 

We study in particular the case in which the projecting variety X C P^+i is a (cone over a) 
rational normal scroll. In this case X is contained in a variety of minimal degree Y C such 
that codimy (X) — 1. We use this to approximate the Betti numbers of X. 

In addition we present several examples to illustrate our results and we draw some of the links 
to Fujita's classification of polarized varieties of A-genus 1. 



1. Introduction 

Let P^, denote the projective r-space over an algebraically closed field k. Let X C be an 
irreducible non-degenerate projective variety of dimension d. The degree deg X of X is defined 
as the number of points of X fi L, where L is a linear subspace defined by generically chosen 
linear forms ii, . . . ,id. It is well known that 

degX > codimX + 1, 

(cf e.g. 1121), where codim X = r — dis used to denote the codimension of X. In case equality 
holds, X is called a variety of minimal degree. Varieties of minimal degree are classified and 
well understood. A variety X of minimal degree is either a quadric hypersurface, a (cone over a) 
Veronese surface in P|, or a (cone over a smooth) rational normal scroll (cf [21 , Theorem 19.9]). 
In particular these varieties are arithmetically Cohen-Macaulay and arithmetically normal. 

The main subject of the present paper is to investigate varieties of almost minimal degree, 
that is irreducible, non-degenerate projective varieties X C P^ with degX = codim X + 2. 
From the point of view of polarized varieties, Fujita [il4i . [031 . ifT^ has studied extensively such 
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varieties in the framework of varieties of A-genus 1. Nevertheless, in our investigation we take 
a purely arithmetic point of view and study our varieties together with a fixed embedding in a 
projective space. 

A natural approach to understand a variety X C of almost minimal degree is to view it 
(if possible) as a birational projection of a variety of minimal degree X C P^^^ from a point 
p e P^"*"^ \ X. If sufficiently many varieties of almost minimal degree can be obtained by such 
projections, we may apply to them the program of: "classifying by projections of classified 
varieties". It turns out, that this classification scheme can indeed be applied to an interesting 
class of varieties of almost minimal degree X C P^, namely those, which are not arithmetically 
normal or equivalently, to all those which are not simultaneously normal and arithmetically 
Gorenstein. More precisely, we shall prove the following result, in which SeCp(X) is used to 
denote secant cone of X with respect to p: 

Theorem 1.1. Let X <Z ¥1 be a non-degenerate irreducible projective variety and let t G 
{1, 2, ■ ■ ■ , dimX + 1}. Then, the following conditions are equivalent: 

(i) X is of almost minimal degree, of arithmetic depth t and not arithmetically normal. 

(ii) X is of almost minimal degree and of arithmetic depth t, where either t < dim X or 
else t = dim X + 1 and X is not normal. 

(iii) X is of almost minimal degree and of arithmetic depth t, where either X is not normal 
and t > 1 or else X is normal and t = 1. 

(iv) X is a (birational) projection of a variety X C P^^^ of minimal degree from a point 
p G Pfe^^ \ X such that dim SeCp(X) = t - 1. 

For the proof of this result see Theorem 15.61 (if t < dimX) resp. Theorem 16.91 (if t = 
dimX + 1). In the spirit of Fujita [14J we say that a variety of almost minimal degree is 
maximally Del Pezzo if it is arithmetically Cohen-Macaulay (or - equivalently - arithmetically 
Gorenstein). Then, as a consequence of Theorem 1 1 . 1 1 we have: 

Theorem 1.2. A variety X C P^ of almost minimal degree is either maximally Del Pezzo and 
normal or a (birational) projection of a variety X C P^^^ of minimal degree from a point 

P e P^' \ ^- 

In this paper, our interest is focussed on those varieties X C P^ of almost minimal degree 
which are birational projections of varieties of minimal degree. As already indicated by Theo- 
rem 11.11 and in accordance with our arithmetic point of view, the arithmetic depth of X is the 
key invariant of our investigation. It turns out, that this arithmetic invariant is in fact closely 
related to the geometric nature of our varieties. Namely, the picture sketched in Theorem ll.il 
can be completed as follows: 

Theorem 1.3. Let X G Fl. be a variety of almost minimal degree and of arithmetic depth t, 
such that X = g{X), where X C P^^^ is a variety of minimal degree and g : P^^^ \ {p} P^ 
is a birational projection from a point p G P^"*"^ \ X. Then: 

(a) V := Q \: X ^ X is the normalization ofX. 

(b) The secant cone SeCp(X) C P^^'^ is a projective subspace P^^^ C P^^^- 

(c) The singular locus Sing(z/) = f)(SeCp(X) \ {p}) C X of u is a projective subspace 
pt-2 ^ pr coincides with the non-normal locus of X. 
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(^)Ift < dimX, Sing(i/) coincides with the non S2-I0CUS and the non-Cohen-Macaulay 

locus of X and the generic point o/Smg(z/) in X is of Goto-type. 
(e) The singular fibre z/~^(Sing(i/)) = SeCp(X) nX is a quadric in P^'^ = SeCp(X). 

For the proves of these statements see Theorem 15 .61 and Corollary 16 .101 
Clearly, the projecting variety X C P^^^ of minimal degree plays a crucial role for X. We 
thus may distinguish the exceptional case in which X is a cone over the Veronese surface and 
the general case in which X is a cone over a rational normal scroll. In this latter case, we have 
the following crucial result, in which we use the convention dim = — 1 : 

Theorem 1.4. Let X (l¥\be a variety of almost minimal degree which is a birational projec- 
tion ofa( cone over a ) rational normal scroll X C P^^^ from a point p E P^^^ \ X. Then, there 
is a (cone over a) rational normal scroll F C P^ such that X G Y and codimx(V) = 1. 
Moreover, if the vertex of X has dimension h, the dimension I of the vertex of Y satisfies 
h < I < h + 3. In addition, the arithmetic depth t satisfies t < h + 5. 

For a proof of this result see Theorem 17 .31 and CoroUarv 17.51 It should be noticed, that there 
are varieties of almost minimal degree, which cannot occur as a 1-codimensional sub variety of 
a variety of minimal degree (cf Example 19.41 and Remark l63t . 

Our paper is built up following the idea, that the arithmetic depth t := depth A of a variety 
X C = Proj(5'), S = k[xo, ■ ■ ■ , Xr], of almost minimal degree with homogeneous coordi- 
nate ring A = Ax is a key invariant. In Section El we present a few preliminaries and discuss 
the special case where X is a curve. 

In Section 13 we consider the case where t = 1. We show that the total ring of global sections 
(BnezH^{X, Ox{n)) of X - that is the S+'transform D(A) of A - is the homogeneous coordi- 
nate ring of a variety X C P^^^ of minimal degree. In geometric terms: X is isomorphic to X 
by means of a projection from a generic point p E P^.^^ and hence normal but not arithmetically 
normal (cf Propo sitions 13 . 1 1 and 13 . 41 ) . 

In Section m we begin to investigate the case (1 <) t < dimX, that is the case in which 
X is not arithmetically Cohen-Macaulay. First, we prove some vanishing statements for the 
cohomology of X and describe the structure of the t-th deviation module K^(A) of A. Moreover 
we determine the Hilbert series of A and the number of defining quadrics of X (cf Theorem l4.2l 
and CoroUarv 14.41) . 

In Section |5] we aim to describe X as a projection if t < dimX. As a substitute for the 
5+ -transform D(A) of the homogeneous coordinate ring A (which turned out to be useful in 
the case t = 1) we now consider the endomorphism ring B := EndA{K(A)) of the canonical 
module of A (cf Theorem 15.31 ). It turns out that B is the homogeneous coordinate ring of 
variety X C P)^^^ of minimal degree, and this allows to describe X as a projection of X (cf 
Theorem 15.61) . Endomorphism rings of canonical modules have been studied extensively in a 
purely algebraic setting (cf 0, ll28l ). The striking point is the concrete geometric meaning of 
these rings in the case of varieties of almost minimal degree. 

In Section 1^ we study the case where t = dimX + 1, that is the case where X is arithmeti- 
cally Cohen-Macaulay. Now, X is a Del Pezzo variety in the sense of Fujita ifT^ . According 
to our arithmetic point of view we shall speak of maximal Del Pezzo varieties in order to dis- 
tinguish them within the larger class of polarized Del Pezzo varieties. We shall give several 
equivalent characterizations of these varieties (cf Theorem 16. 21) . We shall in addition introduce 
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the notion of Del Pezzo variety and show among other things that this notion coincides with Fu- 
jita's definition for the polarized pair (X, (cf Theorem l6.8l) . Finally we shall prove that 

the graded integral closure B of the homogeneous coordinate ring A of a non-normal maximal 
Del Pezzo variety X C P^, is the homogeneous coordinate ring of a variety of minimal degree 
X C P^"*"^ (cf Theorem l6.9l ) and describe X as a projection of X (cf Corollarv l6.10l) . Contrary 
to the case in which t < dim X, we now cannot characterize B as the endomorphism ring of the 
canonical module K{A), simply as A is a Gorenstein ring. We therefore study B by geometric 
arguments, which rely essentially on the fact that we know already that the non-normal locus 
of X is a linear subspace (cf Proposition l5.8l) . It should be noticed that on turn these geometric 
arguments seem to fail if t < dimX. 

In Section [T] we assume that X is a (birational) projection of a (cone over a) rational normal 
scroll X C Pfc+^ We then prove what is claimed by the previous Theorem 1 1.41 Here, we exten- 
sively use the determinantal description of rational normal scrolls (cf |21 1). As an application 
we give some constraints on the arithmetic depth t of X (cf Corollary |731 and Corollarv l7.6l ). 

In Section[51we study the Betti numbers of the homogeneous coordinate ring A of our variety 
of almost minimal degree X C P)^. We focus on those cases, which after all merit a particular 
interest, that is the situation where t < dim X and X is a projection of a rational normal scroll. 
Using what has been shown in Section|71 we get a fairly good and detailed view on the behaviour 
of the requested Betti numbers. 

Finally, in Section |9l we present various examples that illustrate the results proven in the 
previous sections. In several cases we calculated the Betti numbers of the vanishing ideal of the 
occuring varieties on use of the computer algebra system Singular fSOl. 

2. Preliminaries 

We first fix a few notation, which we use throughout this paper. By Nq (resp. N) we denote 
the set of non-negative (resp. positive) integers. 

Notation 2.1. A) Let k be an algebraically closed field, let S := k[xo, ■ ■ ■ , x^] be a polynomial 
ring, where r > 2 is an integer. Let X C P^, = Proj(S') be a reduced irreducible projective 
variety of positive dimensions d. Moreover, let J' = Jx C Opj; denote the sheaf of vanishing 
ideals of X, let I = Ix = ®n&H^{^k^ J{n)) C S denote the vanishing ideal of X and let 
A = Ax := S/I denote the homogeneous coordinate ring of X. 

B) If M is a finitely generated graded S-module and if i G Z, we use H^(M) = Hg^{M) to 
denote the i-th local cohomology module of M with respect to the irrelevant ideal 5*+ = ®nmSn 
of S. Let D{M) = Ds+{M) denote the S+-transform limHom5(5'!^, M) of M. Moreover, let 
us introduce the i-th deficiency module of M: 

K\M) = K's{M) := Exi'+^-^M, S{-r - 1)). 

The S-modules D(M), H^{M) and K^{M) are always furnished with their natural gradings. 

Reminder 2.2. A) Let i E Z. If U = (Bnez Un is a graded S-module, we denote by 
* Homfc([/, k) the graded S-module ®nei Homfe k). If M is a finitely generated graded 
S'-module, by graded local duality, we have isomorphisms of graded S'-modules 

(2.1) K\M) ~ * Homfc(if*(M), k) and 

(2.2) H\M)^* Homfc (i^^ (M) , A;) ~ Horns {K\M),E), 
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where E denotes the graded injective envelope of the S-module k = S/S^. 

B) By depth M we denote the depth of the finitely generated graded 5'-module M (with respect 
to the irrelevant ideal 5+ of S), so that 

depth M = inf{2 e Z | H\M) ^ 0} 

^^■^^ =mi{ieZ\K\M)^0}, 

(with the usual convention that inf = oo). Here depth A is called the arithmetic depth of the 
variety X C P^. If we denote the KruU dimension of M by dim M, we have 

dimM = supii G Z I HHM) ^ 0} 

(2.4) 

= sup{iGZ|fs:*(M) ^0}, 
(with the conventions that sup = — oo and dim = — oo). 

C) For a graded ^-module U = ©„gz Un, let end U := sup{n G Z | f/„ 7^ 0} and beg U : = 
inf{n G Z I t/„ 7^ 0} denote the en J resp. the beginning of [/. In these notation, the 
Castelnuovo-Mumford regularity of the finitely generated graded S-module M is defined by 

(2.5) regM = sup{ endiJ*(M) + z | z G Z} = inf{- beg K*(M)) + z 1 1 G Z}. 
Keep in mind that the Castelnuovo-Mumford regularity of the variety X C is defined as 

(2.6) reg X = reg / = reg A + 1. 

We are particularly interested in the canonical module of A, that is in the graded A-module 

(2.7) K{A) := K'^'"^^'^\A) = K'^+^A). 

Remark 2.3. A) Let < z < dim(y4) = d + 1 and let p G Spec 5* with dimS/p = i. 
Then, the Sp-module Ap has positive depth and hence vanishes or is of projective dimension 
< dimSp = r + 1 - 2. Therefore K'{A)p ~ Ext'+^-^Ap, S^) = 0. So 

(2.8) dimi^*(A) < i for < i < dim(A) =d + l. 



B) Let n E N and let / G A„\{0}. Then, / is A-regular and the short exact sequence 

— > A{—n) — > A — i> A/ fA yields an epimorphism of graded A-modules / : 
H'^+^{A){-n) -» H'^+'^{A). So, by the isomorphisms dZTTl of Reminder l2!2l the multipli- 
cation map / : K'^^^ (A) K'^^^ (A) (n) is injective. Moreover, localizing at the prime ideal 

1 C S we get 

K'^+^A) ®A Quot(y4) ~ K'^+\A)i ^ Ext^7'^(^///^/, Sj) ~ Si /I Si = Quot [A). 
So, we may resume: 

(2.9) The canonical module K(A) of A is torsion free and of rank 1. 



C) Let £ G 5'i\{0} be a linear form. We write T := S/iS and consider T as a polynomial 
ring in r indeterminates. For the T-deficiency modules K^(A/iA) of ^4/^74, the isomorphisms 
( 12.11) of Reminder 12.21 together with the base ring independence of local cohomology furnish 
the following isomorphisms of graded A/M-modules 

KipiA/iA) ~ * Homfc (i7^^(v4/M), k) ~ * Homfc {K's^{A/iA), k) ^ K's{A/iA). 
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So for alH G Z we obtain 

(2.10) K].{A/^A) ~ K's{A/iA) = Ext^^"^ {A/iA, S{-r - 1)) . 

D) Let i be as above. If we apply Ext^^^^'(«, S{—r — 1)) to the short exact sequence 

A{—1) — ^ A ^ A/iA ^ and keep in mind the isomorphisms (12.101) . we get for each i G Z 
an exact sequence of graded A/M-modules 

(2.11) ^ {Kl+\A)/iK^+\A)) (1) ^ K!,{A/eA) ^ :^,(^) i ^ 0. 

Correspondingly, applying local cohomology, we get for each z G Z an exact sequence of 
graded A / fA-modules 

(2.12) ^ WsM)/^H^sM) ^ ^^(^/^^) ^ (0 ■■H^s'^iA) ^ 0. 

E) We keep the above notation. In addition, we assume that i G SiyjO} is chosen generically. 
Then, according to Bertini's Theorem (cf ^A\) the hyperplane section 

Y ■. = Xn Proj(T) = Proj (T//T) ^ Proj(A/M) C Proj(T) = P^^"^ 

is reduced and irreducible if dim A > 2. The homogeneous coordinate ring of Y is 

A' = A/{£Af^^ ~ T/{ITf^\ 

where ^^^^ is used to denote the saturation of a graded ideal in a homogeneous fc-algebra. 
Observe that we have the following isomorphisms of graded A/iA-modules (cf (12. IL (12.101) '). 

(2.13) H'g^{A/£A) ~ H't^{A/£A) ~ H'^iA') for all i > 0; 

(2.14) K'siA/iA) ~ K'^iA/iA) ~ K'^iA') for alH > 0. 
On use of (12.121 ) and (12.131 ) we now easily get 

(2.15) if^^(A')>™ = ^ /7^+^(A)>„_i = for alH > and all m G Z, 

where, for a graded S-module U = (Bn&Un, we use f/>„ to denote the m-th left truncation 
®n>mUn of U. Finally, if depth A > 1, we have A' = A/iA. If depth A = 1, we know that 
Hg^ (A) is a finitely generated non-zero A-module so that, by Nakayama, iHg^ (A) ^ H^^ {A) 
and hence H].^ {A') ^ (cf (12.121) and (12.131) '). So, the arithmetic depth of Y behaves as follows 



(2.16) depths' 



J depth A-\, if depth A > 1, 
|l, if depth A = 1. 



The aim of the present paper is to investigate the case in which the degree of X exceeds the 
codimension of X by 2. Keep in mind, that the degree of X always exceeds the codimension 
of X by 1 . Therefore, we make the following convention. 

Convention 2.4. We write dimX, codimX and degX for the dimension, the codimension 
and the degree of X respectively, so that d = dimX = dim A — l,codimX = height / = 
r — dim X = r — d. Keep in mind that 

degX > codimX + 1 
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(cf e.g. Ell). We say that X is of almost minimal degree, if deg X = codim X + 2 = r — d + 2. 
Note that X is called of minimal degree (cf (El) whenever deg X = codim X + 1. 

We now discuss the case in which X is a curve of almost minimal degree. 

Remark 2.5. A) We keep the hypotheses and notations of Remark l2.3l and assume that dim X = 
1 and that degX = codimX + 2 = r + 1. Then, for a generic linear form i G S'i\{0} and in 
the notation of part E) of Remark |231 the generic hyperplane section 

Y : = Proj (T//T) ~ Proj(A/M) = Proj(A') C Proj(T) = P^^"^ 

is a scheme of r + 1 points in semi-uniform position in P^^^ (cf Q, ES)). Consequently, 
by (cf Uni) we can say that IT is generated by quadrics. Therefore we may conclude: The 
homogeneous T-module 

(2.17) H^^{{ITf^^/IT) ~ H^{A/IA) is generated in degree 2. 

Moreover, (cf [4. (2.4) a)]) 

r + 1, if < 



(2.18) dimfci/^ JA/M)„ = dim.if^ JA') 



r, if n = 

< 1, ifn = l 



0, ifn>l 
So, by the exact sequences (12.121) and by statement (12.151) we get 

(2.19) H^{A)/m^{A) C k{-l) and 

(2.20) end H'^{A) < 0. 



B) Assume first, that A is a Cohen-Macaulay ring. Then H^{A) = and so, by ( 12.201) . the 
Hilbert polynomial PAix) E Q[x] of A satisfies Pa(^) = dim^ An for all n > 0. As dim^ Ai = 
r + 1 it follows PAix) = (r + l)x and hence iJ^(A)_„ ~ An for all n e Z. So, by (ITTl) 
K{A)n = K^{A)n ~ An for all n e Z. As K{A) is torsion-free of rank 1 (cf we get an 
isomorphism of graded A-modules K(A) ~ ^(0). Therefore, A is a Gorenstein ring. 

If A is normal, X C P^ is a smooth non-degenerate curve of genus dim^ K(A)q = 1 and of 
degree r + 1, hence an elliptic normal curve: we are in the case / of |4, (4.7) B)]. 

C) Yet assume that A is a Cohen-Macaulay (and hence a Gorenstein) ring. Assume that A is 
not normal. Let B denote the graded normalization of A. Then, there is a short exact sequence 
of graded 5-modules O^A^B^C^O with dimC = 1. As H°s+iB) = H};^Ib) = 
Hg^{A) = Hg^(A) = we get Hg_^(C) = and an exact sequence of graded ^-modules 

O^Hl{C)^H\A)^Hl{B)^0. 

As dim C = I and Hg^ (C) = 0, there is some c G N such that 

dimfc Cn + dimfc H^^ (C)„ = c for all n E Z. 

By (12.201) and the above sequence dim^ C„ = c for all > 0. As Co = and dimt H'^{A)o = 
dimfc Aq = 1 (cf part B) ) it follows c = 1. As (C) = 0, there exits a C-regular element 
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h e Si \ {0}, and choosing t e Ci \ {0} we get 

(2.21) C = k[h]tc:^k[h]{-l). 

Choose y E Bi such that n(y) = t. Then we get B/A = (yA + A)/A and hence B = A[y]. So, 
if y is an indeterminate, there is a surjective homomorphism of homogeneous /c-algebras 

S[y] = k[xo, ■ ■ ■ ,Xr,y] ^ B, y ^ y, 
which occurs in the commutative diagram 




where a is the natural map. Thus, the normalization X := Proj (B) of X is a curve of degree r+ 
1 in Proj {S[y]) = P^^^ - a rational normal curve - and the normalization morphism u : X ^ X 
is induced by a simple projection g : F^^^\{p} P^. with center {p} = \ Proj(S'[?/]/5'+5'[|/])|. 

Moreover, by (12.211 ) we have y^^Oj^/ Ox ~ C* ~ /c, so that v^O^/ Ox is supported in a single 
point g G X, - the unique singularity of X - a double point. That is, we are in the case III of 
||41(4.7) B)]. 

D) We keep the notations and hypotheses of part A). But contrary to what we did in parts B) 
and C) we now assume that A is not Cohen-Macaulay, so that H^{A) ^ 0. Then, by (12.191 ) 
and by Nakayama it follows H^{A) j tH'^{A) = k{-l). In particular H^iA)i ~ k and the 
multiplication map i : H^{A)n H^{A)n+i is surjective for all n > 1. 

Now we claim that H^{A)n = for all n > 1. Assuming the opposite, we would have 

an isomorphism H^{A)i H^{A)2 and the exact sequence of graded ^-modules 

H^s^{A/iA) H\A){-1) ^ H\A) would imply that 2 - H^sMI^^)^ = ^ 
and hence H^^{A/ lA) = (cf (12.171 )'). This would imply depth A > 1, a contradiction. This 
proves our claim and shows (cf (12.11) ') 

(2.22) H\A) ~ A;(-l) and K\A) ~ A;(l). 

By (O^ (applied for n = 1) it follows that the natural map H^iA)i ^ H^{A/£A)i is an 
isomorphism. So H'^{A)q = 0. In particular, we get 

(2.23) PAix) = {r + l)x + 1, end H^{A) = -1, 

where PAix) E Q[x] is used to denote the Hilbert polynomial of A. 

As K{A) is torsion-free over the 2-dimensional domain A (cf ( 12.91) ) and satisfies the second 
Serre property 5*2 (cf [28, 3.1.1]), in view of the second statement of (12.231) we get : 

(2.24) K{A) is a CM-module with beg K{A) = 1. 

According to (12.221) . the S^-transform D{A) of A is a domain which appears in a short exact 
sequence ^ A^ D{A) k{-l) 0. Choosing y E D{A)i \ Ai we obtain D{A) = A[y]. 

So, if y is an indeterminate, there is a surjective homomorphism of homogeneous fc-algebras 

7 

S[y] = k[xo, - ■ ■ ,Xr,y] ^ D{A), sending y to y and extending the natural map a : S ^ A {cf 
part C) ). In particular X := Proj (D (A)) is a curve of degree r + 1 in Proj (5 [y]) = P^^^ - a 
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rational normal curve. Moreover, the natural morphism £ : X — > X is an isomorphism induced 
by the simple projection g : Pfc+^{p} ^ with {p} = \ FToi{S[y]\S+S[y])\ X). That is, 
we are in the case II of (4.7) B)]. 

3. The case "Arithmetic Depth = 1" 

In this section we study varieties of almost minimal degree and arithmetic depth one. In par- 
ticular, we shall extend the results of part D) of Remark |231 from curves to higher dimensions. 

Proposition 3.1. Let X C Z^e a projective variety of almost minimal degree such that 
depth A = 1 and dim X = d. Then 

(a) H'{A) = K'{A) = for all l,d+l; 

(b) end if (A) = -heg K{A) = -d; 

(c) H^{A) ~ K^{A) ~ k{l); 

(d) K{A) is a torsion-free C M -module of rank one; 

(e) D{A) is a homogeneous CM integral domain with iegD{A) = 1 and dimk D{A)i = 
r + 2. 

Proof. (Induction on d = dim X). For c? = 1 all our claims are clear by the results of part D) of 
Remark 1231 

So, let d > 1. Let £ G 5'i\{0} be generic. Then in the notation of part E) of Remark l23l we 
have dim A' = d and depth A' = 1 (cf (ITT^ ). By induction H^^{A') = for all i l,d. So, 
by (12.121) we obtain 

(3.1) if^(A) = 0, foralH 7^ l,2,ci+ 1. 

Moreover, by induction and in view of (12.131) we get H^^{A/iA) ~ !)• As H^{A) is a 
non-zero and finitely generated graded ^-module, we have iH^{A) ^ H^{A). So, by (12.121) we 
obtain 

(3.2) H\A)/iH\A) ~ k{-l) 
and 

(3.3) H\A) = 0. 
Combining (13. It . (13.31) and (12.11) . we get claim (a). By induction 

end H'^{A/iA) = end = -d + 1. 

As H'^{A) = 0, (I2l2b gives end H'^+^{A) = -d. In view of dTTT) we get claim (b). Also, 
by induction depth K!}.{A') = d. As d > 0, we have H^^{A') ~ H^^{A/iA) and hence 
K;^{A/iA) ~ K!^{A'), (cf (Ol)- As K^^^A) = 0, (Q and dTTTT) prove statement (d). More- 
over D{A) is a positively graded finite integral extension domain of A such that Hg^(D(A)) = 
and H'g^{D{A)) ~ H'{A) for alH > 1, it follows from statements (a) and (b), that D{A) is a 
CM-ring with leg D{A) = 1. In view of (13.21) and the natural exact sequence 

(3.4) O^A^ D{A) ^ H\A) 

there is some 6 G D{A)i\A such that D{A) = A + 6 A. In particular we have D{A) = A[6] 
and D{A)i ^ A® k. Therefore statement (e) is proved. 
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It remains to show statement (c). In view of (12.11) it suffices to show that H^(A) ~ k(—l). 
By (13.21) and as H^(A)n = for all n ^ 0, there is an isomorphism of graded S-modules 
H^{A) ^ S'/q(— 1), where q C S* is a graded 5+ -primary ideal. We have to show that q = S+. 
There is a minimal epimorphism of graded S'-modules 

such that 71 \s coincides with the natural map a : S A and 7r(5'(— 1)) = 5A = 5S. As 
beg(Ker (a) = I) > 2 and 7r(5i) n 7r(5(-l)i) = A^ n 6k = 0, it follows begKer (vr) > 2. 
Moreover, by statement (e) we have TegD{A) = 1. Therefore a minimal free presentation of 
D(A) has the form 

(3.5) S^{-2) ^ S ® S{-1) ^ D{A) ^0 

with (3 G Nq. It follows Torf (fc, D{A)) ~ k'^{-2). As 1 = r]{l) is a minimal generator of the 
S'-module D(A), the sequence (13.41) induces an epimorphism of graded S'-modules 

Torf (/t, D{A)) Torf (A;, H\A)) 0. 

Therefore 

(q/5+q)(-l) ^ To^ik, q(-l)) ^ Torf (A;, (5/q)(-l)) ^ Torf (fc, H\A)) 

is concentrated in degree 2. So, by Nakayama, q is generated in degree one, thus q = 5*+. □ 

Varieties of almost minimal degree and arithmetic depth one can be characterized as simple 
generic projections from varieties of minimal degree. 

Reminder 3.2. A) Recall that an irreducible reduced non-degenerate projective variety X C Pf. 
is said to be of minimal degree if deg X = codim X + 1. 

B) Projective varieties of minimal degree are rather well understood, namely (cf e.g. lISTl The- 
orem 19.9]): A projective variety X C of minimal degree is either 

(3.6) a quadric hypersurface , 

(3.7) a (cone over a) Veronese surface in P^ or 

(3.8) a (cone over a) rational normal scroll. 

C) In particular, a variety X C P^ of minimal degree is arithmetically Cohen-Macaulay and 
arithmetically normal. 

Remark 3.3. A) Let X C P^ be an irreducible reduced projective variety, let p E Pfc\X, let 
g : Pfc\{p} -» Pfc~^ be a projection with center p and let X := g{X) C P^ ^ Then, the induced 
morphism g f: X ^ X is finite. Moreover, we have degX = degX if and only if g \ is 
birational, hence if and only if there is a line ^ C P^ with p E i and such that the scheme if] X 
is non-empty, reduced and irreducible. It is equivalent to say that there are lines £ C P^ which 
join p and X and are not secant lines of X. 

But this means precisely that the join Join(p, X) of p and X is not contained in the secant 
cone SeCp(X) of X of p. Observe that here SeCp(X) is understood as the union of p with all 
lines i cFl such that p E i and £ fl X is a scheme of dimension and of degree > 1. 

Also, g f is an isomorphism if and only if for any line i C Fl with p E i, the scheme i (1 X 
is either empty or reduced and irreducible. It is equivalent to say that p ^ Sec(X), where the 
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secant variety Sec(X) of X is understood as the union of all lines £ C such that £ fl X is a 
scheme of dimension and of degree > 1, or else I C X. 

B) Assume now in addition that X C is of minimal degree. Then by the above observation 
we can say: 

(3.9) X C P^"^ is of almost minimal degree if and only if Join(p, X) ^ SeCp(X). 

X C Pf.~^ is of almost minimal degree and o \: X Xan isomorphism 

(3.10) . . 

if and only if p ^ Sec(X), thus if and only if SeCp(X) = {p}. 

Moreover, by the classification of Reminder 13 . 21 B ) it follows that Sec(X) = P^ whenever X is 
not smooth. 

Now, we can give the announced geometric characterization of varieties of almost minimal 
degree and arithmetic depth one. 

Proposition 3.4. The following statements are equivalent: 

(i) X is of almost minimal degree and of arithmetic depth 1. 

(ii) X is the projection q{X) of a variety X C P^^^ of minimal degree from a point p G 
P^/^Sec(X). 

Proof, (i) =^ (ii): Assume that X is of almost minimal degree with depth A = 1. Then, by 
statement e) Proposition 13. 11 there is some y E D{A)i\Ai such that D(A) = A[y]. Now, as 
in the last paragraph of part D) in Remark |231 we may view X := Froi{D(A)) as a non- 
degenerate irreducible projective variety in P^"*"^ such that deg(X) = deg(X) and a projection 
g : ^l~^\{p} Pfe from an appropriate point p G P^^^\X induces an isomorphism g \: X 
X. In view of Remark 13. 3I B) this proves statement (ii). 

(ii) =^ (i): Assume that there is a variety X C P^"*"^ of minimal degree and a projection 
g : Pfc+^\{p} Pfc from a point p ^ Sec(X) with X = ^(X). Then, by dTTOb . X is of almost 
minimal degree and g f: X X is an isomorphism. It remains to show that depth A = 1, 
hence that i^^(v4) ^ 0. So, let B denote the homogeneous coordinate ring of X C P^^^- 
Then, the isomorphism g \: X ^ X leads to an injective homomorphism of graded integral 
domains A '-^ B such that B j A is an A-module of finite length. Therefore B C IJngN -b 
S'D = D{A). As X C P^^^ is non-degenerate, we have dim^ Bi = r + 2 > dim^ Ai, hence 
A^B c D{A) so that H\A) ~ D{A)/A 0. □ 

4. The non-arithmetically Cohen-Macaulay case 

In this section we study projective varieties of almost minimal degree which are not arith- 
metically Cohen-Macaulay. So, we are interested in the case where deg X = codim X + 2 and 
1 < depth v4 < dimX. 

Our first aim is to generalize Proposition 13.11 In order to do so, we prove the following 
auxiliary result, in which NZD5'(Af) is used to denote the set of non-zero divisors in S with 
respect to the S-module M. 
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Lemma 4.1. Let M be a finitely generated graded S -module, let m ^ {0, ■ ■ ■ , r} and n G Z. 

Let Zm, ■ ■ ■ ,Zr G Si be linearly independent over k such that Zm G NZDs(M) and such that 
there is an isomorphism of graded S-modules M/zmM ~ {S/ {zm, ■ ■ ■ , Zr)){n). 

Then, there are linearly independent elements Hm+i, ■ ■ ■ ,yr ^ Si such that there is an iso- 
morphism of graded S-modules M ~ {S/ {nm+i, ■ ■ ■ ,yr)){n). 

Proof. By Nakayama there is an isomorphism of graded S-modules M ~ (S/q){n), where 
q C 5* is a homogeneous ideal. In particular 

(4.1) Zr^eNZDsiS/q). 

As S/{zm, q) - {M/zmM){-n) ^ ^/(z^, ■ ■ ■ ,Zr), we have 

Also, by ( 14. II) . we have z^ ^ qi, so that qi becomes a A;-vector space of dimension r — m. Let 
Um+i, ■ ■ ■ ,yr ^ Si form a A; -basis of qi. As 

my Vm+ly ' ' ' 1 Vr) 

and in view of (14.11 ) we obtain 

q = {Vm+l, ■■■ , yr) + q n ZmS = (z/m+l, " " " , 1/r) + Zmq- 

So, by Nakayama q = {ym+i, ■ ■ ■ , Vr)- □ 

Now, we are ready to prove the first main result of this section, which recover results of lE^ 
written down in the context of the modules of deficiency. 

Theorem 4.2. Assume that X C is of almost minimal degree and that t := depth A < 
dimX =: d. Then 

(a) H\A) = K'{A) = for all i^t,d + l; 

(b) end H'^+^{A) = -hegK{A) = -d; 

(c) There are linearly independent forms yt~i, ■ ■ ■ ,yr G •S'l such that there is an isomor- 
phism of graded S-modules 

K\A)c^{S/{yt^i,--- ,yrm~t)- 

(d) K{A) is a torsion-free CM-module of rank one. 

Proof. {Induction on t). The case t = 1 is clear by Proposition l3.11 

So, let t > 1 and ^ G S'i\{0} be generic. Then, in the notation of Remark IT^ E) we have 
A' = A/iA, dim A' = dimF + 1 = and depth A' = t-l <d-l = dimF (cf djB ). 

(a) : By induction, H^^iA') = for all j ^ t - So, (051 gives H'{A) = for all 
z 7^ 0, + 1. As t > 1, we have H'^iA) = H^{A) = 0. In view of (O) this proves 
statement (a). 

(b) : By induction end H^^{A/iA) = -d + 1. As H'^{A) = 0, (ITTH implies that end H'^+^ 
(A) = —d and (12.11) gives our claim. 

(c) : By induction there are forms zt-i, ■ ■ ■ , Zr G 5*1 whose images zt-i, ■ ■ ■ ,Zr G Ti 
are linearly independent over k and such that there is an isomorphism of graded T-modules 
K'-\A/iA) = {T/{zt^i, ■■■ , ^,))(2 - (t - 1)). Let zt-2 := i- Then zt^2, ■ ■ ■ , 2. G Si are 
linearly independent and 

K'f\A/eA) ~ {S/{zt-2, zt-u ■ ■ ■ , ^r))(3 - t). 
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By Statement (a) we have ^(A) = 0. So, the sequence (I2.11I) gives an isomorphism of 
graded S-modules 

(4.2) K\A)/zt^2K\A) ~ {S/{zt_2, ^r))(2 - t). 

Assume first, that t < d. By induction K^{A/ Zt-2A) = K^{A') vanishes and hence (12.111) 
yields '.k^A) Zt-2 = 0, thus Zt-2 G NZDs{K*{A)). So, (14 .21) and Lemma lOl implv statement 
(c). 

Now, let t = d. Then ( HTH) implies dim K'^{A) / Zt^2K'^i^) = d - 2. Our first aim is to 
show that dim K'''{A) = d — 1. If d > 2, this follows by the genericity of Zt^2 = ^- So, 
let t = d = 2. Then A/iA is a domain of depth 1 which is the coordinate ring of a curve 
Y C P^^^ of almost minimal degree (cf Remark 12.51 A)). So, according to Remark l23l D) we 
have H'^{A/iA) ~ A;(-l) and H^{A/iA)n = for all n > 0. If we apply cohomology to the 

exact sequence ^ A{—1) ^ A ^ A/£A ^ and keep in mind that H^{A) = we thus get 
i : H'^{A)^i H'^{A)o ~ k. According to Remark l23l D) there is an isomorphism Y Y, 
where Y C P^^^ is a rational normal curve, so that y ~ P^ is smooth. As F is a hyperplane 
section of X it follows that the non-singular locus of X is finite. So, if we apply HJ Proposition 
5.2] to the ample sheaf of Cx-modules C := Ox{l) and observe that H^{A)n ~ H\X, C®'') 
for all G Z, we get that H\A)n ~ k for all n < 0. Consequently, K'^{A)n ^ for all n > 0, 
hence dimK'^{A) > = dim K"^ {A) / zqK"^ [A) . Therefore dimi^^(yl) = 1, which concludes 
the case t = d. 

According to (14.21) the 5'-module K'^{A) / Zt-2K'^{A) is generated by a single homogeneous 
element of degree d — 2. By Nakayama, K'^{A) has the same property. So, there is a graded 
ideal q C S with K'^{A) ^ {S/q){2 — d). In particular we have dimS/q = d — I. 

Now, another use of (14.21 ) yields 

5/(q, Zd-2) ^ {S/q)/z^_2{S/q) ~ K\A){d - 2) / za^2K\A){d - 2) 

^ {K\A)/z,_2K\A)){d - 2) ^ S/{zt.2, ■ ■ ■ , Zr), 

so that (q, 2:^-2) = (-24-2, ■ ■ ■ , Zr) is a prime ideal. As 

dim S/q = d — 1 > dim(S'/ {zt_2, • • • , Zj.)) 

it follows, that q is a prime ideal. Moreover, as Z(i^2 ^ q, we obtain Zci-2 ^ ^"ZDsiS/q) = 
NZDsiK^A)). 

Now, our claim follows from (14.21) and Lemma |4~T1 

(d): In view ( 12.91) it remains to show that depth K{A) = d + 1. By ( 12.91) and by induction we 
have 

(4.3) i e mDs{K{A)) and depth K^{A/iA) = d. 

So, by the sequence (12.111) . applied with i = d,it suffices to show that :K'i(A) i = 0.lft<d, 
this last equality follows from statement (a). If t = d, statement (c) yields depth. K'^ (A) = 
d - 1 > and by the genericity of i we get £ e NZDs{K'^{A)). □ 

Remark 4.3. Keep the notations and hypotheses of Theorem 14.21 Then, by statement (c) of 
Theorem 14. 21 and in view of (12.11) we get end H^(A) = 2 — t. So, by statements (a) and (b) of 
Theorem 14. 21 we obtain 

(4.4) reg(yl) = 2 and dim^ A^ = PA{n), for all n > 2 - t. 
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Corollary 4.4. Let X dW^be of almost minimal degree with dim X = d and depth A = t. 
Then: 

(a) The Hilbert series of A is given by 

l + {r + l-d)\ A 



F{\A) 



(b) The Hilbert polynomial of A is given by 

^n + d-l\ fn + d-l\ fn + t-2 

d )^\d-l )~\ t-2 

(c) The number of independent quadrics in I is given by 



PA{n) = (r-rf + 2) 



V + 1 — 

dimfc(/2) =t+ ( ^ \-d-2. 



Proof, (a): {Induction on t). If t = 1, D{A) is a CM-module of regularity 1 (cf Proposition ITTI 
(e) ) and of multiplicity deg X = r — d + 2. Therefore 

(4.5) nKD(A,^'-±^±l^. 

In view of statement c) of Proposition B . 1 1 we thus get 

1 + (r + 1 - c/)A 

and hence our claim. 

So, let t > 1. Then, as t' = t - 1 (cf ^JB) and A' = A/£A we get by induction 



F(A, A) = Fix, D{A)) - A = ' - A 



F(\ A\ ^(^'-^^) , l + ((r-l) + l-(rf-l))A A 1 

1 + (r + 1 - rf)A A 



(l-A)'^+i (1-A)*-!' 
(b), (c): These are purely arithmetical consequences of statement (a). □ 



Remark 4.5. Observe that CoroUarv 14.41 also holds if X is arithmetically Cohen-Macaulay. In 
this case, the shape of the Hilbert series F(A, A) (cf statement (a) ) yields that A is a Gorenstein 
ring (cf 1 29 1) which says that a projective variety of almost minimal degree which is arithmeti- 
cally Cohen-Macaulay is already arithmetically Gorenstein. For dim X = this may be found 
inES. 

Finally, by Remark l23l B). by statement (12.91 ) and the exact sequence (12.121) it follows im- 
mediately by induction on d = dimX that K{A) = A(l — d) if X is is arithmetically Cohen- 
Macaulay. This shows again that X is arithmetically Gorenstein. 

5. Endomorphism Rings of Canonical Modules 

Or next aim is to extend the geometric characterization of Proposition 13 .41 to arbitrary non- 
arithmetically Cohen-Macaulay varieties of almost minimal degree. 

We attack this problem via an analysis of the properties of the endomorphism ring of the 
canonical module K{A) of A, which in the local case has been studied already in [2J. The 
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crucial point is, that this ring has a geometric meaning in the context of varieties of almost 
minimal degree. 

Notation 5.1. We write B for the endomorphism ring of the canonical module of A, thus 

B := RomsiK{A),K{A)). 
Observe that B is a finitely generated graded A-module and that 

(5.1) B = Hom^(ir(A), K{A)). 
In addition we have a homomorphism of graded A-modules 

(5.2) e : A ^ B, a a idK{A)- 

Keep in mind, that B carries a natural structure of (not necessarily commutative) ring and that 
e is a homomorphism of rings. 

The homomorphism e : A ^ B occurs to be of genuine interest for its own. So we give a 
few properties of it. 

Proposition 5.2. Let d := dimX > 1. Then 

(a.) B = k (B Bi (B B2 (B ■ ■ ■ is a positively graded commutative integral domain of finite 
type over Bq = k. 

(h) e : A ^ B is a finite injective birational homomorphism of graded rings. 
(c) There is a (unique) injective homomorphism e of graded rings, which occurs in the 
commutative diagram 

A^ ^DiA) 



B 

(d) Ifp G Spec(y4), the ring Ap has the second Serre property S2 if and only if the localized 
map Ep : Ap ^ Bp is an isomorphism. 

(e) 6 : A B is an isomorphism if and only if A satisfies S2. 

(f) e : D{A) B is an isomorphism if and only if X satisfies S2. 

(g) B satisfies S2 (as an A-module and as a ring). 

(h) If the A-module K{A) is Cohen-Macaulay, then B is Cohen-Macaulay (as an A-module 
and as a ring). 

Proof, (a), (b): By ( 12.91) (cf Remark IT^ we know that K(A) is torsion-free and of rank one. 
From this it follows easily that 5 is a commutative integral domain. Also the map e : A ^ B 
is a homomorphism of A-modules, and so becomes injective by the torsion-freeness of the A- 
module K{A). The intrinsic A-module structure on B and the A-module structure induced 
by e are the same. As B is finitely generated as an A-module it follows that £ is a finite 
homomorphism of rings. 

It is easy to verify that the natural grading of the A-module B respects the ring structure on 
B and thus turns B into a graded ring. In particular e becomes a homomorphism of graded 
rings. As A is positively graded, e is finite and 5 is a domain, it follows that B is finite. As k is 
algebraically closed and Bq is a domain, we get Bq ~ A;. As A is of finite type over k and e is 
finite, B is of finite type over k, too. 
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(c): As dim A > 1 we know that Hg^(A) is of finite length. Therefore 

Ext^s{H^s+ (^)' S) = for aWj + 

So, the short exact sequence ^ A ^ D(A) H^iA) yields an isomorphism of graded 
A-modules 

K{A) = Ext^-^(A Si-r - 1)) ^ Ext's-'iDiA), S{-r - 1)). 

Therefore, K{A) carries a natural structure of graded D(A)-module. As D{A) is a birational 
extension ring of A, we can write 

B = }lomA{K{A),K{A)) = RomniA^{K{A), K{A)) 

and hence consider i? as a graded D (A) -module in a natural way. In particular, there is a 
homomorphism of rings 

e : D{A) ^ B, c idx(A), 
the unique homomorphism of rings e which appears in the commutative diagram 

A^ ^D{A) 




B 



As A, D{A) and B are domains and as e is injective, e is injective, too. Clearly e is finite, and 
respects gradings. 

(d) : Let p G Spec(A). Then, by the chain condition in Spec(S'), K{A)^ is nothing else 
than the canonical module Ka^ of the local domain Ap. In particular we may identify B^ = 
Hom^(f('(y4), K{A))p ~ Hom^p (-^Ap? -^Ap)- Then, the natural map £p : Ap ^ Bp induced by 
£ coincides with the natural map 

Ap HomAp {Ka, ,Ka,), b^b idK^, ■ 

But this latter map is an isomorphism if and only if Ap satisfies 5*2 (cf lESl 3.5.2]). 

(e) : Is clear by statement (d). 

(f) : By statement (d), X satisfies 5*2 if and only if £p : Ap ^ Bp is an isomorphism for all 
p G Proj(74). But this latter statement is equivalent to the fact that B/e{A) has finite length, 
thus to the fact that B C e{A) -.3 A\ for some n, hence to i? C e{p{A)). 

(g) : Let p G Spec(74) of height > 2. Then, the canonical module Ka^ is of depth > 2 (cf 
ll28l 3.1.1]). So, there is a i^'^p -regular sequence a;, y G Ap. By the left-exactness of the functor 
Hom^p (-R'ap , ■) it follows that a;, ?/ is a regular sequence with respect to Hom^|, {Ap, A^ = Bp, 
so that depth^^ Bp > 2. This shows that the A-module B satisfies 5*2. As i? is finite over A, it 
satisfies S2 as a ring. 

(h) : Assume that K{A) is a Cohen-Macaulay module. Consider the exact sequence of graded 
A-modules A ^ B ^ B /A ^ 0. By statement (d) we have {B/A)p = as soon 
as p G Spec(y4) is of height < 1. So dimB/A < d — 1 and e induces an isomorphism 
of graded S-modules H'^'^^(A) ~ H^^^{B). By (12.11 ) we get an isomorphism of graded S- 
modules K'^~^^{B) ~ K{A). Therefore, the A-module K'^^^{B) is Cohen-Macaulay. In view 
of EH 3.2.3] we thus get H\ (B) = for i = 2, ■ ■ ■ ,d. By statement g) we have H'a{B) = 
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for i = 0, 1. So, the A-module B is Cohen-Macaulay. As B is finite over A, it becomes a 
Cohen-Macaulay ring. □ 

We now apply the previous result in the case of varieties of almost minimal degree. We 
consider B as a graded extension ring of A by means of e : A ^ B. 

Theorem 5.3. Assume that X C PJ^ is of almost minimal degree and that t := depth A < 
dimX =: d. Then 

(a) B is a finite graded birational integral extension domain of A and CM. 

(b) There are linearly independent linear forms t/t-i, ■ ■ ■ ,yr ^ Si and an isomorphism of 
graded S -modules B/A c::^ {S/{yt-i, ■ ■ ■ ,yr)){—l)- 

(c) The Hilbert polynomial of B is given by 

(d) Ift = 1, then B = D{A). 

Proof, (a): According to statement (d) of Theorem l4.2l the A-module K(A) is CM. So our claim 
follows form statements (a), (b) and (h) of Proposition 15. 21 

(d): Let t = 1. According to Proposition 13.41 and statement ( 13. 101) of Remark X is 
isomorphic to a variety X C P^^^ of minimal degree and thus CM (cf Reminder l3.21 part B) ). 
So, by statement (f) of Proposition l5.2l we have D(A) = B. 

(b): We proceed by induction on t. If t = 1, statement (d) gives B/A ~ H^(A) and so we 
may conclude by statement (c) of Proposition 13.1 [ Let t > 1. We write C = B/A and consider 
the exact sequence of graded ^-modules 

Let ^ e 5'i\{0} be generic. As t > 1 and B is CM (as an A-module) we have depth^(C) > 0. 
Therefore i e NZD(C). We write A' = A/iA and T = S/iS. Then A' is a domain and 
Y := Proj(A') C Proj(T) = P^^^ is a variety of almost minimal degree (cf Remark l23t . 

Let K{A') := K^{A'),B' := RomriKiA'), K{A')) and C = B'/A'. By induction there 
are linearly independent linear forms Zt-i, ■ ■ ■ ,Zr E Ti and an isomorphism of graded T- 
modules B'/A' ~ {T/(zt-i, ■ ■ ■ , Zr)T){—l). We write i = Zt-2- Then, there are linear forms 
Zt_i, - ■ ■ , Zr E Si such that Zt-2, Zt-i, - ■ ■ , Zr are linearly independent and such that there is an 
isomorphism of graded S'-modules C ~ (5*/ {zt_2, ■ ■ ■ , Zr)S){—l). As Zt-2 = i E NZD(C), it 
suffices to show that there is an isomorphism of graded S'-modules C/iC ~ C (cf Lemma l4.1l) . 
As £ G NZD(C) there is an exact sequence of graded S'-modules 

^ A' A B/£B C/IC 

in which a is induced by e. It thus suffices to construct an isomorphism of graded A-modules 
7, which occurs in the commutative diagram 



A' 




B/iB ^ B' 
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where e' is used to denote the natural map. As A' is a domain and as the A-module B is CM 
and torsion free of rank 1 (by statement (a)), the A'-module B/£B is torsion-free and again of 
rank 1 (as £ G is generic). By statement (a) the A'-module B' is also torsion-free of rank 1. 
So, it suffices to find an epimorphism ^ : B ^ B', which occurs in the commutative diagram 



£ £ 

B ^ B' ^ 

and hence such that 7 (Is) = Ib'- 

By our choice of i and in view of statements (a), (c) and (d) of Theorem 14.21 we have £ E 
NZD(K'^(A)) n NZD{K{A)). So, by (imT) of Remark Owe get an exact sequence of graded 
S-modules 

^ K{A){-1) ^ K{A) ^ K{A'){1) 0. 

Let U := Exts{K{A),K{A)){-l). If we apply the functors 

Roms{K{A),-) and Roms{-, K{A')){1) 

to the above exact sequence, we get the following diagram of graded ^-modules with exact 
rows and columns 

(5.3) 



B' = Roms{K{A'),K{A')) 

V 

Hom5(ir(A), K{A)) RomsiKiA), K{A')){-1) -.u i 



B }ioms{K{A),K{A')) 
where /i := }ioms{idK{A),'^), ^ '■= Hom5(7r, idK{A'))- With 7 := z/~^ o fi, it follows 

7(lij) = 'y{idK{A)) = i^~\fi{idK{A))) = v'^{t^ ° idxiA)) = t^'^T^) 

= u~\idK{A')(-i) on) = v'^{v{idK(A'))) = idK{A) = Ifi'- 

So, it remains to show that /i is surjective. It suffices to show that (0 -.u £) = 0. Assume 
to the contrary, that i^/ £ 7^ 0. Then £ belongs to some associated prime ideal p G Ass^ U. 
As i is generic, this means that 6*1 C p so that 5+ C p and hence :(/ 5*+ 7^ 0, thus '.(o-.u^) 
5+ 7^ 0. Therefore depth5.(0 -.u £) = 0. In view of statement (a) we have depth ^ (B / £B) = 
depth.g{B') = d. Moreover the above diagram (15.31) yields an exact sequence of graded S- 
modules 

^ B/£B ^ B' ^ -.u £ ^ 0, 
which shows that depth5(0 :u £) > d — 1 > 0, a contradiction. 

(c): By statement (b) we have Ps/Aix) = {''^^2^) if t > 1 and Pb/a{x) = if t = 1. In view 
of statement (a) of CoroUarv 14.41 we get our claim. □ 
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Now, we are ready to draw a few conclusions about the geometric aspect. 
Notation 5.4. A) We convene that P^^ = and we use CM(X), 5*2 (X) and Nor(X) to denote 



of all points x E X over which u is singular. 

Definition 5.5. We say that x E X is a Goto or G-point, if the local ring Ox,x is of "Goto type" 
(cf LIZI) thus if dim Ox,x > 1 and 



Theorem 5.6. Assume that X C is of almost minimal degree and that t := depth A < 
dimX =: d. Then 

(a) B is the homogeneous coordinate ring of a d-dimensional variety X C P^^^ of minimal 
degree. 



(c) The normalization u : X ^ X given by the inclusion e : A ^ B is induced by a 
projection g : P^+^ \ {p} Flfrom a point p E P)^+^ \ X. 

(d) The secant cone SeCp(X) C P^~^^ is a projective subspace of dimension t — 1 and 
Sing(z/) = g{SeCp{X) \ {p}) C X is a projective subspace P^r^ C P^. 

(e) The generic point x E X of Sing(z/) is a G-point. 

(f) Nor(X) = S2{X) = CM{X) =X\ Sing {u). 

Proof, (a): By Proposition lS. 21 (a). (b) we see that B is an integral, positively graded fc-algebra 
of finite type and with dimi? = dim A = d + 1. By Theorem lS. 31 (b) and on use of Nakayama 
we have in addition B = k[Bi] with dim^ Bi = dim^ Ai + 1 = r + 2. So, B is the homo- 
geneous coordinate ring of a non-degenerate projective variety X C P^^^ of dimension d. By 
Theorem lS. 31 (c) we have degX = r + 1. 

(b) : By statement (a) the ring B is normal (cf Reminder l3.2I C) ). In addition, i? is a birational 
integral extension ring of A. 

(c) : This follows immediately from the fact that dim^ Bi = dim^ + 1 = r + 2 (cf part C) 
of Remark 12. 5 1) . 

(e): According to Theorem lS. 31 (b) we have an exact sequence of graded ^-modules 



where P := {yt^i, ■ ■ ■ ,yr)S with appropriate independent linear forms yt^i, ■■■ ,yr E Si. In 
particular -.3 B/A = P and hence / C P. It follows that 

Sing(z/) = SuppCoker(z/ : Ox v^O^) = Supp((5/A)~) = Proj(5/P) 

and that x := P/I E Proj(yl) = X is the generic point of Sing(z/). Localizing the above 
sequence at x we get an exact sequence of (9x,x- -modules 





(b) B is the normalization of A. 



O^A^B^ (5/P)(-l) ^ 



(5.4) 



^ Ox,x 




k{x) 
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in which Ox,x has dimension (i — t+l>l.As_Bisa CM-module over A (cf Theorem |53] (a) 
), {h'^:Oj^)x ~ -Ba; is a CM-module over the local domain Ox x- So, the sequence (15.41 ) shows 
that Hi^ JOx,x) ^ <x) and Hl^^{Ox,x) = for all i ^ 1, dim(C>x,.). 

(d): Let P C S" be as above. We already know that Sing(z/) = Vio]{S/P) = P*~^ C P^. 
Moreover, a closed point q E X belongs to Sing(z/) if and only if the line 0^^{q) C P^^^ is a 
secant line of X. So 

Sec,(X) = {p} U g-\Smg{iy)) = {p} U g-\fi-') = C P^' 

andSing(z/) = ^?(SeCp(X)\M). 

(f): u \: X \ i/~^(Sing(z/)) ^ X \ Sing(z/) is an isomorphism. As X is a normal CM- 
variety (cf Reminder ITU O ) it follows that Nor(X), CM(X) ^ X \ Sing(z/). As Si^X) D 
Nor(X) U CM(X) it remains to show that 5*2 (X) C X \ Sing(z/). As the generic point x of 
Sing(z/) is not an S'2-point (cf statement (e) ), our claim follows. □ 

Now, we may extend Proposition 13.41 to arbitrary non arithmetically Cohen-Macaulay vari- 
eties. 

Corollary 5.7. Let 1 <t < dim(X). Then, the following statements are equivalent: 

(i) X is of almost minimal degree and of arithmetic depth t. 

(ii) X is the projection 0{X) of a variety X C P^^^ of minimal degree from a point p E 
P[+^ \ X such that dim SeCp(X) = t - 1. 

Proof, (i) ^> (ii): Clear by Theorem lS. 61 (d). 

(ii) =^ (i): Let X C P'fc+\ j9 and ^ : P^+^ \ X ^ X be as in statement (ii). Let A be 
the homogeneous coordinate ring of X. Then A is normal (cf Reminder l3.2I C) ). Observe that 
Q f: X -» X is a finite morphism (cf Remark 13. 3 1 A) ) so that dimX = d. 

As dim SeCp(X) = t — 1 < d = dimX < dim Join(p, X) there are lines joining p and X 
which are not secant lines of X. So, in view of Remark l3.3I A) and statement ( 13.91) of Remark l3.3l 
B), the morphism g X ^ X is birational and X C P^ is of almost minimal degree. 

Moreover, the finite birational morphism g f: X ^ X is induced by a finite injective bi- 
rational homomorphism S : A ^ A of graded rings. Thus, by Theorem 15.61 (b) we get an 
isomorphism of graded rings l, which occurs in the commutative diagram 



A 




B ^ -A 

Now Theorem IS^ d) shows that depth A = dim SeCp(X) + 1 = t. □ 

As a further application of Theorem 15.61 we now have a glance at arithmetically Cohen- 
Macaulay varieties of almost minimal degree and show that their non-normal locus is either 
empty or a linear space. More precisely 

Proposition 5.8. Assume that X C P^ is of almost minimal degree, S2 and not normal. Let 
dim X =: d. Then X is arithmetically Cohen-Macaulay and the non-normal locus X \ Nor(X) 
is a linear space P^^^ C P^. 
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Proof. {Induction on d) Let d = 1. Then X is a curve of degree r + 1 and thus may have at 
most one singular point (cf El (4.7) (B)]). So, let d > I. Then Nor(X) C X = S2{X) shows 
that X is arithmetically Cohen-Macaulay (cf Theorem 15 .61 f) ). Moreover, as X is 5*2 and not 
normal, the Serre criterion for normal points shows that the non-normal locus X \ Nor(X) of 
X is of pure codimension 1. 

Let Z C X be the reduced and purely {d — 1) -dimensional closed subscheme supported by 
X \ Nor(X). It suffices to show that deg Z = 1. Now, let £ G 5*1 be a generic linear form and 
consider the hyperplane P^~^ := Proj(S'/i'5'). Then, the hyperplane section X' := P^~^ fl X = 
Proj(y4/M) is an arithmetically Cohen-Macaulay-variety of almost minimal degree in P^^^ 
withdimX' = d — l,and Z' := P^^^flZ C X' is a reduced purely 1-codimensional subscheme 
with deg Z' = deg Z. Now, let z' be one of the generic points of Z'. Then z' E Z shows that 
Ox,z' is not normal and hence not regular. As Ox',z' is a hypersurface ring of Ox,z, the ring 
Ox',x' is not regular either. As dimOx',z' = 1 it follows that Ox',z' is not normal and hence 
z' G X' \ Nor(X'). By induction we have X' \ Nor(X') = P^~^ for some linear subspace 
Pf~^ C P^. It follows that {?} = Pf"^. This shows that the closed reduced subschemes Z' and 
Pf of P^ coincide, hence deg Z = degZ' = 1. □ 



In this section we shall treat projective varieties of almost minimal degree which are arith- 
metically Cohen-Macaulay. We call these varieties maximal Del Pezzo varieties and make sure 
that this is in coincidence with Fujita's notion of Del Pezzo variety L16J . We also briefly discuss 
the link with Fujita's classification of varieties of A-genus 1. 

Remark 6.1. A) Let d := dim(X) > and let ujx = K{A)^ denote the dualizing sheaf of X. 
Keep in mind that a finitely generated graded A-module of depth > 1 is determined (up to a 
graded isomorphism) by the sheaf of Cx-modules M induced by M. So, as K{A) satisfies the 
second Serre property 5*2 (cf [28, 3.1.1]), we have for each r G Z: 



B) X C P^. is said to be linearly complete if the inclusion morphism X ^ P)^ is induced 
by the complete linear system It is equivalent to say that the natural monomorphism 

1] : Ai ^ H^{X, = D(A)i is an isomorphism hence - equivalently - that H^(A)i = 0. 

Theorem 6.2. The following statements are equivalent: 

(i) X is arithmetically Gorenstein and of almost minimal degree. 

(ii) X is arithmetically Cohen-Macaulay and of almost minimal degree. 

(iii) X is 5*2, linearly complete and of almost minimal degree. 

(iv) uJx — Ox{l — d) and X is of almost minimal degree. 

(v) K{A) ^ A(l — (i) and X is arithmetically Cohen-Macaulay. 

(vi) UJx — Ox{^ — d) and X is arithmetically Cohen-Macaulay. 

(vii) H'^+\A)i_d ^kandH\A)i = H\A)n = 0for2 < i < d and 1 - d < n < 1. 

Proof. The implications (i) =^ (ii) =^ (iii) and (v) =^ (vi) are obvious. The implication (ii) 
=^ (i) follows by Remark l43l the implication (vi) =^ (v) by (16.21) . It remains to prove the 



6. Del Pezzo Varieties and Fujita's Classification 



(6.1) 
(6.2) 



UJx ^ Ox{r) if and only if K{A) ~ D{A){r). 

If depth A> 1, then ux ^ Ox{r) if and only if K{A) ^ A{r). 
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implications (v) =^ (vii) =^ (ii) and (ii) =^ (v) =^ (iv) =^ (iii) ^> (ii). The implication 
(v) ^> (vii) is easy. 

(vii) =^ (ii): H'^+\A)i^d ^ k implies that H'^+\A)n = for all n > 1 - d. As P4(n) = 
dimfc Ak — X]f=i dim^ statement (vii) implies that 



{-ly, ifn=l-rf, 

0, if 1 - c/ < n < 0, 

1, ifn = 0, 
r + 1, if n = 1. 



So, we may write PA{n) = {r — d + 2) ("^^^) + ("^^2 ^) • particular, X is of almost minimal 
degree. But then, by Corollary 14. 41 b) we see that X must be arithmetically Cohen-Macaulay. 

(ii) =^ (v): Assume that X is arithmetically Cohen-Macaulay and of almost minimal degree. 
Then, the shape of the Hilbert series given in Corollary 14. 4l (a') allows to conclude that K(A) ~ 
A{l-d). 

(v) =^ (iv): We know that (v) ^> (vii) and (vii) =^ (ii). So, (v) implies that X is of almost 
minimal degree and hence induces (iv). 

(iv) ^> (iii): By (16.21 ). statement (iv) implies K{A) ~ D{A){1 — d) and hence by Theo- 
rem |421(b) that X is arithmetically Cohen-Macaulay. 

(iii) =^ (ii): Assume that X is of almost minimal degree, S2 and linearly complete. We have 
to show that X is arithmetically Cohen-Macaulay. Assume to the contrary that t = depth A < 
d. As H^{A)i = 0, Proposition Ism (c) yields t > 1. But now, by Theorem IS^fd) and (e), X 
contains a G-point and thus cannot be 52 - a contradiction. □ 

Definition 6.3. A) X C is called a maximal Del Pezzo variety if it satisfies the equivalent 
conditions (i) - (vii) of Theorem l6.2l 

B) X C is called a Del Pezzo variety, if there is an integer r' > r, a maximal Del Pezzo 
variety X' C P'^' and a linear projection vr : P^' \ p^'-'-i ^ with X' n P^'-'-i = and such 
that TT gives rise to an isomorphism tt \: X' X. So, X C P^ is Del Pezzo if and only if it is 
obtained by a non-singular projection of a maximal Del Pezzo variety. 

Remark 6.4. A) As a linearly complete variety X C P^ cannot be obtained by a proper non- 
singular projection of a non-degenerate variety X' C P^ we can say that X C P^ is maximally 
Del Pezzo if and only if it is Del Pezzo and linearly complete. 
B) Keep the previous notation and let r' = /i°(X, Ox{^)) — 1, whence 



dimfc D{A)i-l = r + dim^ H^{A) 



k- 



Moreover let (p : X ^ P^' be the closed immersion defined by the complete linear system 
I Ox (1)1 and set X' := ^p{X). Then X' C P^ is linearly complete with homogeneous coordi- 
nate ring A' = k[D{A)i] C D{A), whereas the isomorphism ip : X X' is induced by the 
inclusion A ^ A' and inverse to an isomorphism tt\ : X' X which is the restriction of 
a linear projection vr : P^' \ P^' "'"^ P^ with X' n P^' ^'^"^ = 0. Now, clearly X' C P^' is 
linearly complete and moreover 

D{A') = D{A),H\A') ~ H\A),i ^ 1,K{A') ^ K{A) and Pa'{x) = Pa{x). 
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Note that X' C P^' is called the linear completion of X C P^. 

C) Observe that the linear completion of X C P^ is the maximal non-degenerate projective 
variety X' c P^ which can be projected non- singularly onto X. More precisely: If X C P^ is 
a non-degenerate projective variety and tt\ : X X is an isomorphism induced by a linear 
projection vf : P^ — > P^, then f < r' and the isomorphism vf f^^ o yrf : X' X comes from 
a linear projection q : P^' — >P)^. In particular, if X C P^ is linearly complete we have r' = f 
and Q becomes an isomorphism so that we may identify X' with X. Consequently, by what we 
said in part A) it follows that X C P^ is Del Pezzo if and only if its linear completion X' C P^ 
is (maximally) Del Pezzo. 

We now shall tie the link to Fujita's classification of polarized Del Pezzo varieties. 

Remark 6.5. (see EU). A) A polarized variety over A; is a pair (V, C) consisting of a reduced 
irreducible projective variety V over k and an ample invertible sheaf of (9y-modules C 

B) Let {V, C) be a polarized A;-variety. For a coherent sheaf of (9y-modules JF and z G Nq 
let /i*(V, JF) denote the ^-dimension of the i-ih. Serre cohomology group H^iV, JF) of V with 
coefficients in J^. Then, the function 

dimV 
i=0 

is a polynomial of degree dim V, the so called Hilbert polynomial of the polarized variety 
{V,C). 

C) Let (V, C) be a polarized variety of dimension d. Then, there are uniquely determined 
integers XiiV, = 0, . . . , d such that 

d 

X(v,C}{n) = ^Xi{V,C) 

1=0 

Clearly ^^(V, £) > 0. The degree, the A- genus and the sectional genus of the polarized variety 
{V, C) arc defined respectively by 

deg{V,C) ■.= Xd{V,Cy, 
A{V,C):=d + deg{V, C) - h\V, £); 
g,{V,C) ■.= l-Xd-i{V,C). 

D) According to Fujita (cf the polarized variety (V, C) is called a Del Pezzo variety, if 
it satisfies the following conditions 

(6.3) A{V,C) = 1, 

(6.4) g.,{V,C) = l, 

(6.5) V has only Gorenstein singularities and uy — £'^(1"'^™^)^ 

(6.6) For all i ^ 0, dim V and all n G Z it holds W{V, /:®") = 0. 

Remark 6.6. A) We consider the polarized variety (X, For all n G Z we have 

H%X, Oxiirn = H%X, Ox{n)) = Thus: 

(6.7) X{x,Ox{i))iTT-) = PAin), 



n + i — 1 
i 
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where Pa is the Hilbert polynomial of A. Therefore 

(6.8) deg(X,Ox(l)) = degX, 

(6.9) A(X, = degX - codimX - 1 - dim^ H^{A)i. 
As a consequence of the last equality we obtain 

(6.10) A(X,Ox(l)) <degX-codimX + l, 

with equality if and only if X C is linearly complete. 

B) Let X' C P'fc be the linear completion of X C P^. Then (X, and (X', Ox'{l)) 

are isomorphic polarized varieties. In particular (X', Ox'iX)) isDelPezzo in the sense ofFujita 
if and only (X, Cx(l)) is. 

Lemma 6.7. Let X cF^be of almost minimal degree. Then 
(a) 

'o, depth A = 1, 
1, if depth A > 1. 



A(X,Ox(l)) 
(b) 

gs{X,Ox{l))-- 



0, if X is not arithmetically Cohen-Mcaulay, 

1, if X is arithmetically Cohen-Macaulay. 



Proof, (a): This follows immediately from Proposition 13. li e). Theorem l4.2l b') and by (16.91 ). 
(b): This is a consequence of Corollary 14.41 b') and (16.71) . □ 



Theorem 6.8. Let X Gf^be of dimension d > 0. Then, the following statements are equiva- 
lent: 



(i) X is Del Pezzo in the sense of Definition 1(5. 31 ^ ). 

(ii) (X, OxiX)) is Del Pezzo in the sense ofFujita. 

(iii) A{X,Ox{l))=gs{X,Ox{l)) = 1. 

(iv) A(X,Ox(l)) = 1 and H'{X,Oxin)) = for alii ^ 0,d and aline Z. 

(v) ^,(X, Oxll)) = 1 and H\X, Ox{n)) = Ofor all ij^O,d and all n e Z. 

(vi) A(X,Ox(l)) = 1 andujx ^ - d). 

(vii) W{X,Ox{n)) = Q for alii ^ 0,dandalln E TL, anduox — Ox{^ — d). 

(viii) A(X, Ox(l)) = 1 and X is S2. 

Proof First let us fix a few notation. Let r' = /i°(X, = dim^ D{A)i and let X' C P^' 

be the linear completion of X C P^. 

(i) =^ (ii): Let X be Del Pezzo in the sense of Definition l6.3I B). According to Remark l6!4l C) 
we get that X' C P^ is maximally Del Pezzo. According to Theorem l6.2l the pair (X', Ox'i^)) 
thus satisfies the requirements (16.31) - (16.61) of Remark 16.51 D) and hence is Del Pezzo in the 
sense ofFujita. By Remark 1^31 B) the same follows for (X, 

Clearly statement (ii) implies each of the statements (iii) - (viii). So, it remains to show that 
each of the statements (iii) - (viii) implies statement (i). According to Remark 1641 we may 
replace X by X' in statement (i). As (X', Ox'{^)) and (X, are isomorphic polarized 

varieties we may replace X by X' in each of the statements (iii) - (viii). So, we may assume 
that X C P^ is linearly complete. 
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(iii) => (i): According to statement (I6.10I) of Remark 1631 A) the equality A(X, Cx(l)) = 1 
implies that X C is of almost minimal degree. But now by Lemma \6J\ h) the equality 
gs{X, Ox{^)) = 1 implies that X is arithmetically Cohen-Macaulay. 

(iv) =^ (i): By A(X, = 1 we see again that X C is of almost minimal degree. As 
H^{A)i = we have depth A > 1 (Proposition lOC) ). As H'+\A)r, ~ H'{X, Ox{n)) = 
for alH 7^ 0, (i, it follows that depth A = d + 1, so that X is arithmetically Cohen-Macaulay. 

(vi) =^ (i): As we have proved the implication (iii) =^ (i) it suffices to prove that state- 
ment (v) implies the equality A(X, = 1- We proceed by induction on d. Let d = 1. 
As g six, Ox (l)) = 1 implies xo(-'^,C'x(l)) = we get = {degX)n. As 
H\X, Ox{l)) = it follows r + 1 = h'^{X, Ox{l)) = X{x,Ox{i)) W = degX and hence by 
(lOl we get A(X. 0^(1)) = 1. 

So, let d > 1, let £ G 5*1 be a generic linear form and consider the irreducible projective 
variety Y := Proi{A/iA) C P^ := Fioj{S/iS) of dimension d — 1 and with homogeneous 
coordinate ring A' = {A/ lA)/ H^{A/ lA). As 

X(y,Oy(i))H = PA'{n) = APa{x) = Ax(x,Ox(i))H 

it follows A(F,Oy(l)) = A{X,Oxil)) and gsiY^Oyil)) = gsiX,Oxil)) = 1. So, by 
induction it suffices to show that 

W{Y, Cy(n)) = H'+\A')n = for alH ^ 0, - 1 and all n G Z, 

and that Y C P^"^ is linearly complete, hence that H'^{A')i = 0. As 

H'+\A)n = H\X, Ox{n)) = 

for all i 7^ 0,d and all n G Z and as H^{A)i = this follows immediately if we apply 
cohomology to the sequence 

^ A{1) ^ A^ A/iA 

and observe that W{A') ~ W{A/^A)^ma\\ j > 0. 

(vi) =^ (i): This is immediate by ( 16.101) and Theorem 16. 2[ 

(vii) =^ (i): As X is linearly complete, H^{A)i = 0. Moreover by our hypothesis W{A) = 
for alH ^ 1, + L Finally, by (O we have K{A) ~ D{A){1 - d), hence H'^+\A)i_d ^ 
K{A)ci-i — D{A)o ~ k. So, statement (vii) of Theorem l6.2l is true. 

(viii) =^ (i): In view of (16. 101) . statement (viii) implies statement (iii) of Theorem 16. 21 □ 

Our next aim is to extend Theorem 15. 3 1 to maximal Del Pezzo varieties. 

Theorem 6.9. Let X (Z be a maximal Del Pezzo variety of dimension d which is non-normal. 
Let B = k ® Bi ® B2 ® ■ ■ ■ be the graded normalization of A. Then: 

(a) There are linearly independent linear forms yd,yd+i, ' ' ' ,yr G "S*! such that B/A = 
{S/{yd,yd+ir- ■ ,yr)){-l)- 

(b) B is the homogeneous coordinate ring of a variety of minimal degree X C P^^^. In 
particular, B is a Cohen-Macaulay ring. 

Proof. We make induction on d. The case d = 1 is clear by Proposition l5.2I C). Therefore, let 
d > 1. Statement (b) follows easily from statement (a). So, we only shall prove this latter. 
According to Proposition 15 . 81 there are linearly independent linear forms yd, yd+i, ■ ■ ■ ,yr & Si 
such that / c (yd, yd+i, ■■■ ,yr) and such that s := (yd, yd+i, ■■■ , Vr)/! C S/I = A defines 
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the non-normal locus X \ Nor(X) of X. Observe that s C A is a prime of height 1 and that 
A/ 5 ~ S/ {yd, Vd+i, • • • , yr)S is a polynomial ring in d inderminates over k. Next, we consider 
the canonical exact sequence 

(6.11) ^ B ^ C ^0 

in which C := B/A is a finitely generated graded A-module such that C<o = and 
RadAnn^C = s. Our aim is to show that C ~ {A/s){—l). Let £ G Si be a generic 
linear form. 

Then, according to Bertini and as depth A > 1, the ideal iA C A is prime. Moreover 
{A\iA) ns 0, so that {A \ iA)~^B = A^a- It follows that iB has a unique minimal prime 
p and that pBp = iBp. As B is S2 we get iB = p, so that iB is a prime ideal of B. Therefore 
B/iB is a finite birational integral extension domain of A' := A/iA and hence a subring of the 
graded normalization B' of A'. 

As depth A > 2 and depths > 2, the short exact sequence (16.1 II) yields depth C > 2. In 
particular i is C-regular. Hence we get the following commutative diagram with exact rows and 
columns in which U = Coker 6 is a graded A-module 



A/£A B/eB C/iC 

\ <• 

(6.12) -A' ^B' -C" -0 

U —^U 



Now X' := Proj(A') C Fioj^S /iS) = PJ^"^ is again a maximal Del Pezzo variety. Moreover 
X' is non-normal, since otherwise B/iB = A/iA, hence B = A. Let s' C A' be the prime of 
height 1 which defines the non-normal locus of X' and keep in mind that A' /s' is a polynomial 
ring in d — 1 inderminates over k. By induction C ~ (A'/s')(— 1). 

Our next aim is to show that dim [/ < 0. As C 7^ 0, we have C/iC ^ 0. As C is a free A'/s'- 
module of rank one, it follows dimt/ < dira(A' /s') = d — 1. As dira(B / iB) = dim(B') = d 
it follows that A is an isomorphism in codimension one. As B' is normal and hence satisfies the 
property it follows that B/iB satisfies too. 

Let s e s \ {0}. As B is normal, it satisfies the Serre property S2 so that B/sB satisfies 5*1. 
Therefore the set of generic points of the (closed) non-S'2-locus of the 5-module B/sB is given 
by 

Q:={qe V{sB) : depth(5q/sSq) = 1 < height q - 1}. 

In particular Q is finite, and hence i avoids all members of V := (AssBiB / sB) U Q) fl Proj B. 

Now, let r G Proj B fl V{iB) such that height r > 2. If s ^ r, the equality As = Bg yields 
that B^ is a Cohen-Macaulay ring, so that depth.{B ^/iB^) > 1. If s G r the fact that i avoids 
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all members of V implies that s,£ is a 5^-sequence and de^thB^/ sB^) > 1. It follows again 
that depth(Sr/£5r) > 1. This proves, that the scheme Proj(S/£S) is 5*2. As B/iB satisfies 
Ri it follows that Proj(i?/£i?) is a normal scheme, hence that Proj(_B/£i?) = Proj B' . As a 
consequence, we get indeed that dim t/ < 0, that is t/ is a graded A-module of finite length. 

Now, let t C A be the preimage of s' under the canonical map A ^ A'. Then t and s + iA 
are primes of height 2mA and so 

s + £A = Rad((AnnA C) + M) = Rad(AnnA C/iC) D Ann^ C = AnnA{A' / 5' {-!)) = t 

implies that 3 + iA = Ann^ (C/£C) = t. As a consequence we get sC C £C and hence, by 
the genericity of i, that sC = 0. It follows sB C 5 and 3 becomes an ideal of B. Now, let 
a & A and c E C \ {0} such that ac = 0. By the genericity of i we may assume that c ^ iC so 
that l{c + iC) 7^ and at(c + iC) = 0. It follows a E t = s + iA and hence, by genericity, 
that a E 5. This shows that C is a torsion-free A/s-module and hence that _B/s is a torsion-free 
A/s-module. 

As rankyi/sC = eo(C) = eo{C/£C) = eo(C") = rank^'/s' C" = 1 we get an exact sequence 
of graded A/s-modules 

(6.13) ^ {A/5){-m) -^0 

with m E Z and dimiy < dimA/s = d. We choose m maximally. Then, there is no ho- 
mogeneous element / E A/s of positive degree with C(m) C f(A/s), so that diniH^ = 
dim{W{m)) = dim((A/s)/C(m)) <d-l. 

As depth C > 2 we have depth W > 1. As £ is generic we thus get an exact sequence 

^ C/iC {A'/s'){-m) W/iW 

with dimW/iW = dim 14^ — 1 < d — 2 = diraA'/s' — 1. Comparing Hilbert coefficients we 
get ei{C/eC) = ei{{A'/5'){-m)) = m. 

The diagram (16.121) contains the short exact sequence ^ C/£C (y4'/s')(— 1) ^ U ^ 
with dimf/ < 0. Assume first, that d > 3 so that dimf/ < dimA'/s' — 1. Then, we may 
again compare Hilbert coefficients and get ei{C/iC) = ei((y4'/s')(— 1)) = 1, hence m = 1. 
It follows dimM//£ty = dimf/ < 0, thus dimW < 1. Suppose that dirnW^ = 1. Then 
H^(W)n ^ for all < and the sequence (lOTT ) yields H^{C)n 7^ for all n < 0. As 
H^{A) = 0, the sequence ( 16.111) induces that H'^{B)n 7^ for all n ^ 0; but this contradicts 
the fact that i? is 5*2. So, we have dimVT < 0. Now, by the sequence ( 16.131) we get W = 
H^{W) ~ H\C), and depth C > 1 implies W = 0. Therefore C ~ A/s(-l). 

It remains to treat the case d = 2. Now A' /s' ~ k[x] so that the A'/s'-submodule C/£C of 
(A'/s')(— 1) is generated by a single homogeneous element of degree m > 1. By Nakayama it 
follows C ~ {A/s){—m). It remains to show that m = 1. 

By the case d = 1 we know that B' is the homogeneous coordinate ring of a rational 
normal curve, so that H'^{B')q = 0. The middle column of the diagram (16.121) now implies 

H'^{B/iB)o = 0. Applying cohomology to the exact sequence —>■ B{—1) B B / iB —>■ 
we thus get an isomorphism H^{B)^i ~ H^[B)q so that H^{B)_i = 0. If we apply coho- 
mology to the sequence ( 16.111) we thus get an exact sequence 

^ H\B).i ^ H\A/5).i.m ^ H%A)., ^ 0. 
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By Theorem l6.2l (cf statement (vii)) we have H^(A)^i ~ k. As A/sis a polynomial ring in two 
indeterminates over k we have /7^(A/s)_i_m — k"^. It follows H'^{B)^i ^ k'^~^ . 

Moreover X := Proj i? is a projective normal surface and the natural morphism z/ : X — > X 
is a normalization of X. In particular C := B(l)^ = v*Ox{^) is an ample invertible sheaf of 
Cjj^-modules and Z^*^" = i>*Ox{n) = B{n)^ for all n G Z. In addition we have H'^{B)_i ~ 
H^{X,C®-^) and Bi ~ /f°(X,/:). Moreover Y := Pioj B/iB ~ Proj 5' is the effective 
divisor on X defined by the global section ^ G H^{X,C)\{0}. As H\Y,Oy) = H'^{B/iB) = 
0, the sectional genus gs{X, C) vanishes (cf ID (5.3) B)]). As dim^ H^{X, C) = dim/j Bi > r + 
1 > lit follows if i(X,/:®-i) = 0(cf[T, Proposition (5.4)]). Therefore A;™- ^ ^ H^{B)_i = 0, 
hence m = 1. □ 

Now, we may extend Theorem 15. 61 as follows 

Corollary 6.10. Let X C Z^e of almost minimal degree. Assume that either t := depth A < 
dimX =: d or that X is maximally Del Pezzo (that is t = d + 1) and non-normal. Then, there 
is a d-dimensional variety X C P^^^ of minimal degree, a point p G P^^^ \ X and a projection 
Q : P^+^ \ {p} Flfrom p such that: 

(a) q{X) = X and u := g \: X —>■ X is the normalization ofX. 

(b) The secant cone SeCp(X) C P^''"^ is a projective subspace P^~^ C P^^^ and 

X \ NorX = Sing(z/) = ^(SeCp(X \ {p}) C X 

is a projective subspace P^^^ C P^. 

(c) The singular fibre z/^^(Sing(z/)) = SeCp(X) H X (Z X is a quadric in P^^^ = SeCp(X). 

Proof. Let B be the graded normalization of A. Then, according to Theorem 15.61 resp. Theo- 
rem l6.9l we see that B is the homogeneous coordinate ring of a variety X C P^"*"^ of minimal de- 
gree. Moreover, by Theorem 15 . 3 1 resp . Theorem 16.91 there are linearly independent linear forms 

yt-i,yt,--- ,yr e Si such that / C {yt_i,yt,--- ,y,) and B/A ~ {S/ {yt^i,yt, ■ ■ ■ ,yr)){-l)- 
Now, all claims except statement (c) follow as in Theorem 15. 61 

To prove statement (c), we consider the prime s := (yt^i, yt, ■ ■ ■ ,yr) / 1 C A. Then A/s is a 
polynomial ring in t — 1 indeterminates over k and we have B/A ~ (A/s)(— 1). In particular 
s C 5 is an ideal and we have an exact sequence A/s B/s (A/s)(— 1) 0. 
Therefore B/s ~ (A/s)[z]/(f) for some polynomial f = z'^ + uz + v with u G iA/s)i and 
V G {A/s)2- As 

u-\Smg{u)) = Proj(i?/s) C SeCp(X) = F^' = Proj ( (A/s) [z]) 
the claims of (c) follows. □ 

7. Varieties of almost minimal degree that are projections 

We now wish to give a more detailed insight in the nature of those varieties of almost minimal 
degree which are projections of cones over rational normal scrolls. Let us first recall a few facts 
on such scrolls. 

Remark 7.1. (cf PP 94, 97, 108-1 10] and El) A) Let n G N and let /, oi, . . . , ai_i G N. 

Let = —1, ai = n and assume that — aj_i > 1 for i = 1, . . . , /. Then, up to pro- 
jective equivalence, the numbers ai, a2, . . . , ai-i define a unique rational normal l-fold scroll 
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Sai---ai^i C P^. Keep in mind that Sai-ai^j^ is smooth, rational, arithmetically Cohen-Macaulay 
and of dimension /. 

B) Keep the notation of part A). After an appropriate linear coordinate transformation we may 
assume that the vanishing ideal of S'ai...a,_i in the polynomial ring k[xo, . . . ,Xr] is the ideal 
generated by the 2 x 2 -minors of the 2 x (n — I + 1) -matrix 



C) Let V G GL2{k) and W G GLn-i{k). Then, the 2 x 2-minors of the conjugate matrix 
VMa^...ai^-^^W~^ generate the same ideal as the 2 x 2-minors of the matrix of Ma-^...ai^^. So, if 
we subject M(j^...a;_^ to regular A;-linear row and column transformations, the 2 x 2-minors of 
the resulting 2 x (n — l + l)-matrix still generate the vanishing ideal of the same scroll Sa^-.-ai^i ■ 

D) A 2 X (n — I + 1) -matrix N whose entries are linear forms in k[xo, . . . , Xr] is said to be 
l-generic, if no conjugate of has a zero entry. Observe that the property of being 1-generic is 
preserved under conjugation. Moreover, if N' is obtained by deleting some columns from the 
1-generic matrix N, then N' is again 1-generic. 

Finally, let A^ be a 1-generic 2 x (n — I + l)-matrix whose entries are linear forms in 
k[xo, . . . ,Xr]. Let yo, . . . ,ym be a basis of the fc-vector space L C k[xo, ■ ■ ■ ,Xr]i generated 
by the entries of A^. Then, m > n — I + 1, thus h := m — n + I > 1. 

Moreover, there are integers bi, . . . , hh-i G N such that with = —\ and bh = m we have 
bi — bi_i > 1 for z = 1, . . . , /i, and such that A^ is conjugate to the 2 x (m — / + l)-matrix 



So, by parts B) and C) the 2 x 2-minors of A^ generate the vanishing ideal of a rational normal 
/i-fold scroll in = Proj(A;[|/o, • • • , 2/™]). 

Remark 7.2. A) Let s G N and let X C P^ = Proj(i?), = A;[xo, . . . , x^], be a cone over a 
rational normal scroll S'a^...a, ^ C P^ with n G {1, 2, . . . , s}. According to the previous remark 
we may assume that the vanishing ideal of X in i? is generated by the 2 x 2-minors of the 
2 X [n — I + l)-matrix Ma^...a^_^■ In this case (and with the convention that P^^ = and 
dim0 = -1), the vertex Sing(X) of X is given by p^-"-i = Proj(i?/ (xq, . . . , Xn)R) and so 
dim Sing(X) = s — n — 1 and dimX = I + s — n. 

B) According to lV.lI C) the 2 x 2-minors of any matrix obtained from Ma^...ai_^ by /c-linear row 
and column operations generate the vanishing ideal of X in R. 

C) Let X be a 1-generic 2 x {n — l + l)-matrix whose entries are linear forms in A;[xo, . . . , Xn\- 
Let yo, • • • , 2/m be a basis of the A;-space spanned by the entries of N and lei h := m — n + I. 
Then, by parts A) and B) and by Remark ItTTI C). the 2 x 2-minors of N generate the vanishing 
ideal of a cone F C P^ over a rational normal /i-fold scroll Z C P^. In particular dimF = 
h + s — m = l + s — n and dim Sing(y) = s — m — 1. 

We now prove the result which shall be crucial in the rest of this chapter. 
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Theorem 7.3. Let X C P^,^^ be a (cone over a) rational normal scroll and let g : P^^^ \ 
{p} ^ Fl be a linear projection from a point p G P^^^ \ X. Then, there is a (cone over a) 
rational normal scroll Y C Fl such that Y D q{X), dim Y = dim X + 1 and dim Sing(X) < 
dimSing(F) < dimSing(X) + 3. 

Proof. According to Remark 17^ A) we may assume tliat tlie vanisliing ideal of X in S" = 
k[xo, . . . , Xr+i] is generated by the 2 x 2-minors of the 2 x (n — / + l)-matrix 



M :-- 



•^1 ' ' ' -^ai 



with appropriate integers n, /, ai, . . . , ai^i G N such that, with ao = —1, a? = n, we have 
Qi — Oj^i > 1 for i = 1, . . . ,l,n < r + 1, dimX = / + r + 1 — n and dim Sing(X) = r — n. 

Let p := (cq : ci : ■ ■ ■ : c^+i). As p ^ X there are two different indices i,j G {0, 1, . . . , n — 
1} \ {ai, 02, ... , cti-i} such that 



6 := det 



7^0. 



Without loss of generality we may assume that Cj+i ^ 0. Define 

Xa, if a = i + 1, 

if a G {0,...,r + l}\{z + l}. 

Then 5" = k[yo, yi, . . . , Vr+i] and with respect to the coordinates yo, . . . , y^+i the point p may 
be written as (0 : ■ ■ ■ : : 1 : : ■ ■ ■ : 0) with the entry "1" in the (i + l)-th position. Therefore 
we may assume that the projection q is induced by the inclusion map 

S" := k[yQ, ...,yi, yi+2, . . . , yr+i] ^ S'. 
We now express the indeterminates which occur in the matrix M in terms of the variables ya : 

ya, for a = i + 1, 

ya + ^^Vi+i,, if a G {0,...,r + l}\{z + l}. 

Let us first assume that i < j. Then, the 2 x 2-submatrix U of M which contains Xi and Xj in 
its first row takes the form 



Xry 



u 



Vi+i Vj+i + 



Now performing sucessively fc-linear row and column operations we finally get the following 
transformed matrix 



U' 



yi yj - ^^i+i - Stt^^ ~ :hyi+i 



Vi+i 



yj+i 



If z + 1 = j, then by performing fc-linear row and column operations, U can be brought to the 
form 



U' 



Vi+i 



Ci+1 



yt+2 



Ci+2 
Ci + 1 

yi+2 



Vi 



-Vi+i 
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Let M' be the 2 x (n — / + l)-matrix which is obtained if the above row and column operations 
are performed with the whole matrix M. Observe that the submatrix U of M is transformed 
into the submatrix U' of M', which sits in the same columns as U. Now, as 7^ we 

may add appropriate /c-multiples of the columns of U' to the columns of M' to remove the 
indeterminate yj+i from all entries of M' which do not belong to the two columns of U' . So, we 
get a 2 X {n — l + l)-matrix Af , conjugate to M. In particular, M is 1-generic (cf Remark im P)) 

and the entries of M span the same A;-space as the entries of M, namely X^tLo ^"^^ ~ XltLo 
Now, let be the matrix of size 2 x (n — / — 1) = 2 x (n — 1 — (/ + 1) + 1) obtained by 
deleting the two columns of U' from M. Then N is 1-generic (cf Remark|7]T]D)) and yj+i does 
not appear in A^. So, the entries of span a subspace 

whose dimension m is such that n — m G {1, 2, 3, 4}. 

By Remark lT^ C) the ideal l2{N) C S" generated by the 2 x 2-minors of N is the vanishing 
ideal of a cone F C = Proj(S"') over a rational normal scroll such that dimF = (/ + !) + 
r — (n — 1) = dimX + 1 and dimSing(y) = r — m — 1 = dimSing(X) + (n — m — 1). As 
n — m — 1 G {0, 1, 2, 3} we get dim Sing(X) < dim Sing(F) < dim Sing(X) + 3. According 
to Remark 17?^ B) the ideal /2(M) C S' generated by the 2 x 2-minors of M is the vanishing 
ideal of X. Therefore hiM) fl S" is the vanishing ideal of g{X). As each 2 x 2-minor of is 
a 2 X 2-minor of M, it follows /2(A^) C /2(M) n S" and hence Y D g{X). 

This settles the case i < j. If j < i we first commute the columns of U and then conclude as 
above. □ 

We now apply the previous result to varieties of almost minimal degree. We still keep the 
convention that ^ = and dim = — 1, and begin with a preliminary remark. 

Remark 7.4. (cf II2TII ) A) Let /, n, ai, . . . , a^-i G N be as in Remark 17.11 and consider the 
rational /-fold scroll S'a^...a,_j. We set = —1, = n, di = ai — aj_i — 1, for i = 1, . . . , / and 
define the linear subspaces 

For each i G {l,...,/}we consider the Veronese embedding 

z/i : P^ ^ Ei, {s:t)^ : /^'H : . . . : st'^^"^ : t*), 
so that ^'j(Pfc) C Ej = P^* is a rational normal curve. Now, for each g G P^ let 

be the projective space spanned by the / points ui{q), . . . , vi{q). Then q ^ q' implies E(g) fl 
E(g') = for all g, q' G P^. Moreover, = UggpiE(g). 

B) Keep the above notation. For each 1 < i < / let Vj = c fc""*"^ be the affine cone over 
Ej, fix g = (s : t) G P^ and set Vi = (s"*', . . . , t*). Moreover, for each 1 < i < / let 

Wi = {wio, Wid,) G Vi such that {wiq : . . . : Wid,) G E^ \ Vi{q) is a point on the tangent 
of the rational normal curve yi{F\) C Ej in the point Vi{q). In particular, Vi and wi are lineraly 
independent. Now let vr : A;"+^ \ {0} ^ P^ = P(A;"+^) be the canonical projection and let 

r = Ti{T.\^^nVi) G E(g) = -k^q'^^Mi \ {0}) = H®\=ikvi), 
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where (ri, . . . , r/) G k'- \ {0}. Then the tangent space to the scroll S'a^...a,_^ in the point r is 
given by 

Tr{Sa,...a,_,) = F{k{E\^^r,w,) + ®\=^kvi) = {E{q) U 7c{E\^^riWi)). 

From this we easily deduce that rr(S'a^...a;_ J fl Tr/(S'a^...a,_ J = E(g) for all r, r' G E(g) with 
r 7^ r'. 

C) Now, let s G N such that n < s and let X C P| = Proj(i?), R = k[xo, • • • , be a cone 
over the rational normal /-fold scroll 

Sai-a,.! C = Proj(i?/(x„+i, . . .,Xs)R = k[xo, ■ ■ ■,Xn]). 

Then, the vertex of X is given by Sing(X) = Proj(i?/(xo, . . . = P^-*^-! c (cf 

Remark OA)). Now, for each g G P^ let 

¥{q) = (E(g) U Sing(X)) = p'+--"-i = pf-^ c P^ 

be the linear subspace spanned by E(g) = P^^^ C P^ and the vertex Sing(X) of X. Then by part 
A), q ^ q' implies that F(g) nF(g') = Sing(X) for all g, q' G P^ and moreover X = UqgpiF(g). 

It also follows easily from part B), that for any g G P^ and any r G E(g) \Sing(X) the tangent 
space of X at r is given by r^(X) = {Tf{Sa^...ai_J U Sing(X)) = P^, where f = (ro : . . . : r„) 
is the canonical projection of r from Sing(X). As a consequence of the last statement in part B) 
we thus get for all g G P^ and all r,r' G F(g)\Sing(X) : If r ^ r', thenT^(X)nT^/(X) = F(g). 

Theorem 7.5. Let X G F^. be a variety of almost minimal degree which is the projection 
of a (cone over a) rational normal scroll X C P^^^ with dim Sing (X) =: h from a point 
p G Pfc+^ \ X. Then 

(a) X is contained in a ( cone over a ) rational normal scroll F C P^ such that codimy (X) = 
landh< dimSing(F) <h + 3. 

(b) X is of arithmetic depth t < h + 5. 

Proof, (a): This is clear by Theorem 17 .31 

(b): Assume first that X is not arithmetically Cohen-Macaulay. Then, the non CM-locus Z 
of X is a linear subspace P*"^ of P^ (cf Theorem EH (d), (f)). As codimy (X) = 1, Ox,x is a 
Cohen-Macaulay ring for each point X G X\Sing(F). It follows that P^~^ = Z C XnSing(y) 
and hence t — 2 < dim Sing(F) < h + 3. 

Now, let X be arithmetically Cohen-Macaulay. In this case we conclude by a geometric 
argument which in fact also implies in the previous case. Let d = dim X. After an appropriate 
change of coordinates, we may assume that we are in the situation of Remark IT^I B) and C). 
So, we may write X = UggpiF(g), where F(g) = P^^^ C P'^ is a linear subspace for all 
q G Pfc. Let U = {(g, g') G P^ x P^|g 7^ g'}. Then, according to Remark ITU C) we have 
F(g) n F(g') = Sing(X) = P^, whenever (g, g') G U. Now, for each pair (g, g') G U consider 
the linear subspace 

e(g, g') = (F(g) U {p}) H (F(g') U {p}) C P^^ 

Observe that Sing(X) C EI(g, g') and dimEI(g, g') < + 2 for all (g, g') G U. Moreover 
dimEI(g, q') = h + 2 if and only if p G (F(g) U F(g')). Consequently we have dimEI(g, g') = 
h + 2 if and only if there is a line running through p and intersecting F(g) and F(g'). Clearly 
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such a line is contained in EI(g, q') and its intersection points with F(g) and F(g') are different 

asj9 ^F(g) UF(g')- 

Let V <^ U he the closed subset of all pairs (g, g') for which dimEI(g, g') = /i + 2. It 
follows that the union of all proper secant lines of X which run through p is a subset oiW = 
U(g,g')gyEI(g, q'). Moreover, it follows from the last statement of Remark IT!?! C). that for each 
point q E f\ there is at most one point r(g) G F(g) \ Sing(X) such that there is a tangent 
line /(g) = of X at r(g) running through p. Let T C be the closed subset of all g G P^ 
for which this happens. Then, all tangents to non-singular points of X through p are contained 
in y = UggT/(g)- Finally observe that the remaining tangents are the lines running trough p 
and Sing(X). It follows P*^"^ = SeCp(X) C U F U (Sing(X) U {p}) and hence t - 1 < 
max{diml4^, dimF, h + 1}. As {]HI(g, g')|(g, g') G l^} is a family of linear {h + 2)-subspaces 
of P;'+\ it follows dim W <h + 2 + dim V < h + A. {^(g) |g G T} is a family of lines we 
have dim Y <l + dim T < 2. So we get t - 1 < /i + 4, hence t <h + b. □ 

Corollary 7.6. Let X G be a variety of almost minimal degree which is a projection of a 
rational normal scroll X C P^^^ from a point p G PJ!^^ \ X. Then X is of arithmetic depth 
t < 4. 

Proof. Clear from Theorem |73] □ 

As a final comment of this section let us say something about the exceptional case of projec- 
tions of the Veronese surface. 

Remark 7.7. (The exceptional case) Let us recall that the Veronese surface F c P| is defined 
by the 2 x 2 -minors of the matrix 

Xi X3 X/i 
X2 X4 X5 

Let p G P|^ \ F denote a closed point. Suppose that rankM|p= 3, i.e. the case of a generic 
point and remember that det M = defines the secant variety of F. Then the projection of F 
from p defines a surface X C Fj^ of almost minimal degree and depth A = 1. 

Recall that dimfc(/)2 = (cf. Corollarv l4.4I C)). Therefore the surface X is cut out by cubics, 
i.e. it is not contained in a variety of minimal degree. 

8. Betti numbers 

Our next aim is to study the Betti numbers of A if X is of almost minimal degree, non- 
arithmetically Cohen-Macaulay and a projection of a (cone over a) rational normal scroll. 

Lemma 8.1. Assume that X C P^, is of almost minimal degree and of arithmetic depth < d = 
dimX. LetB = Hom^(/s:(A), ir(A)). Then 

( k{0)®k{-l), if i = 0, 
Torf(A;,5) ~ <^ k'''{-i~l), if < i < r - d, 
[^0, if r — d < i, 

where bi = {r + 1 - d) C"'^) - for 1 < i < r - d. 
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Proof. By Theorem 15 .31 (a) the A-module B is Cohen-Macaulay and hence of depth d + 1 over 
S. Therefore Torf (fc, 5) = for all i > r — d. According to Theorem 15. 31 (b) there is a short 
exact sequence of graded S'-modules 

(8.1) o^A^B^C^O, C~ {S/{yt^2, • • • , yr)S){-l), 

where yo, . . . ,yr form a generic set of linear forms of S. In particular, C is of dimension t — 
1 < d and generated by a single element of degree 1. This already shows that Toiq (k, B) ~ 
fc(0) ©fc(-l). 

Applying cohomology to the above short exact sequence we get an isomorphism W^^^iyA) ~ 
H'^+^B) which shows that end H'^+^{B) = -d (cf Theorem |421(b)). As depths = ci + 1 it 
follows reg B = 1. Moreover the above exact sequence yields 

dimfc Bi = dimfc Ai + l= r + 2 = dimfc(5'(0) © ^(-l))!. 

So, the graded S'-module B must have a minimal free resolution of the form 

^ S^^'-'i-r + d - 1) ^ . . . ^ S^^{-i - 1) ^ . . . ^ S^' (-2) ^S® S{-1) ^B^O 
with bi, ... ,br-d e N. 

As i? is a Cohen-Macaulay module of dimension d + 1, regularity 1 and of multiplicity 
deg X = r — d + 2 (cf Theorem|531(c)) its Hilbert series is given by 

_ l + {r + l-d)\ 
(l-A)^+i • 

On the use of Betti numbers we also may write 



^ ' i=0 



Comparing coefficients we obtain 

as required. □ 

Next we recall a well known result about the Betti numbers of a variety of minimal degree. 

Lemma 8.2. Let Y G be a variety of minimal degree with dimy = d + 1. Let U be the 
homogeneous coordinate ring ofY. Then 

{k, if i = 0, 

F'(-i-l), if 0<i<r-d, 
0, if r — d < i, 

where Ci = i {^^f) for 1 < i < r — d. 

Proof. This is well known (cf for instance ifTOl ). In fact the Eagon-Northcott complex provides 
a minimal free resolution of U over S. □ 
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Theorem 8.3. Let X G be a variety of almost minimal degree which is the projection of 
a (cone over a) rational normal scroll X C P^^^ from a point p E P^^^ \ X. Assume that 
t := depth y4 < d := dimX. Then 

{k, if i = 0, 

A;""(-i-l)©P^(-i-2), if 0<i<r-t + l, 
0, if r-t + l<i, 

where 

(a) ui = t+ C+J-'^) -d-2, 

I {:~f} <u.<{r + l-d) i^-/) - , ifl<z<r-2d + t-l, 
Ui = , ifr-2d + t-l<i<r-d, 

Ui = 0, ifr — d<i<r — t + 1, 

(b) max{0, (7|t') - + 2) } < v. < (7+t') > if I < ^ < r - 2d + t - 2, 
Vr = (7+t') - + 2) (:;?) , if r-2d + t-2<t<r-d, 
^^=(7+f)' if r-d<i<r-t + l. 

Moreover, - u,+i = (77') - (r - + 1) (7^) + (72^) for all 1 < t < r - d. 

Proof. As depth A = t and legA = 2 (cf Theorem 14.21) the modules Torf(A;, A) behave as 
stated in the main equality. So let the numbers Ui, Vi be defined according to this main equality 
with the convention that Ui = Vi = for i > r — t + 1. Moreover let bi and Cj be as in Lemma 
IS.ll resp. 18. 21 with the convention that bi = for i > r — d and q = for i > r ~ d. 

According to CoroUarv 17 . 61 there is a (cone over a) rational normal scroll F C P^ of dimen- 
sion d + 1 such that X C Y. Let J C S be the vanishing ideal of Y and let U := S/J be 
the homogeneous coordinate ring of Y. The short exact sequence Q I / J ^ U — ^A^O 
together with Lemma lOl implies short exact sequences 

(8.2) ^ k^^{-i - 1) ^ - 1) © - 2) ^ Tor7i(A;,//J) ^ 
for all i>l. 

Keep in mind that beg(//J) = 2, ui = dim^ J2 = t + (''^7'^) - - 2 (cf Corollary E31(c)) 
and dimfc J2 = (''7) (cf Lemma lOt so that 

dimfc(//J)2 = r - 2rf + t - 2. 
Whence, by Green's Linear Syzygy Theorem (cf JTTl Theorem 7.1]) we have 

Tor J (A;, I/J)j+2 = for all j > r - 2c/ + t - 2. 

So, the sequence 18 .21 vields that = q for alH > r — 2(i + t — L This proves statement (a) in 
the range i > r — 2d + t — l. The sequence l8.2l also yields that q < Ui for alH < r — 2d + t — l. 
Next we consider the short exact sequence of graded S-modules 18.11 In particular we have 

Torf (fc, C) ~ /c( » ) {—i — 1) for all i G Nq. So, by the sequence 18. H and in view of Lemma 
I8.2l we get exact sequences 

(8.3) k^'+' (-i - 2) A;(''^+i ') (_i _ 2) ^ (-2 - 1) © fc"^ (-i - 2) 

k''^{-i - 1) ^ k(^'^^'){-i - 1) ^ © - 1) ^ k''^-'{-i) 
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for alH > 2. Now, we read off that Ui < hi for alH > 1 and statement (a) is proved completely. 
The sequence [831 also yields that 

(8.4) Vi = Ui+i - bi+i + ( .^^ j for alH > 1. 

Observe that Q+i - = -{i + 2)['l^f) for 1 < i < r - d.lf 1 < i < r -2d + t -1, statement 
(a) gives q+i < Uj+i < bi+i so that 

This proves the first estimate of statement (b). 

lfr — 2d+t — 2 < i < r — d, statement (a) yields Uj+i = q+i, hence = Cj+i — + 
This proves the second claim of statement (b). Finally, if r-~d<i<r — t + 1 statement (a) 
and Lemma lOl vield that Wj+i = Cj+i = 0. Now the last claim of the statement (b) follows by 
lO □ 

9. Examples 

In this final section we present a few examples which illustrate the previous results. All 
calculations of the "graded Betti numbers" Ui and Vi (cf Theorem 18. 3 1 ) have been performed by 
means of the computer algebra system SINGULAR lEUI . As for rational scrolls and their secant 
varieties we refer to [9| and [211. 

First, we present three examples of 3-folds X of almost minimal degree in P^^, one of them 
being defined by 32 quadrics, the second by 32 quadrics and 1 cubic, the third by 32 quadrics 
and 3 cubics. These examples show that, contrary to the number of defining quadrics (cf Corol- 
larv 14.41 (c) ), the number of defining cubics may vary if the embedding dimension r, the dimen- 
sion d and the arithmetic depth t of X are fixed. Notice that each smooth variety X C P^^ of 
almost minimal degree which is not arithmetically Cohen-Macaulay is obtained by projecting a 
rational scroll X C P^^ from a point p e P^^ \ Sec(X) (cf Theorem l5?6b. 

We first fix some notation. Let l,n,di, . . . ,di E N such that di < d2leq . . .di and Yl\=i — 
n — I + 1. Let Ui = i — 1 + J2]=i ^ji'^ — 1, — 1. Then, we write S{di^ ■ ■ ■ ,di) for the 
rational normal scroll Sa^... ,ai_i (cf Remark 1711) . 

Example 9.1. A) Let X C P^^ the 3-scroll S{2, 2, 6), thus the smooth variety of degree 10 
defined by the 2x2 minors of the matrix 





Xi 


X3 


Xi 


Xq 


Xi Xs 


Xg 


XlO 




X2 


Xi 


X5 


X-j 


Xs Xg 


Xw 


Xu 



Its homogeneous coordinate ring is 

B = k[{s, tfu^, (s, tfv^, (s, tfw] C k[s, t, u, v, w]. 

Projecting X from the point 

Pi = (0:0:0:0:0:0:0:0:0:l:0:0:0)GPfc^\X 

we get a non-degenerate variety X C P^^ of dimension 3 and of degree < 10, (cf Remark U31 
A) ). Let S denote a polynomial ring in 12 indeterminates, let / C 5 be the homogeneous 
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vanishing ideal and let A = S/I he the homogeneous coordinate ring of X. Also, consider the 
only not necessarily vanishing graded Betti numbers 

dimfc Torf (A;, A)i+i, Vi := dim^ Torf (A;, A)i+2 



Ui 



of X. These numbers present themselves as shown below: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


Ui 


32 


130 


234 


234 


140 


48 


7 














Vi 





20 


155 


456 


728 


728 


486 


220 


66 


12 


1 



In particular t := depth A = 1 so that X cannot be of minimal degree and hence deg X = 
10 = 11 — 3 + 2. Therefore, X is of almost minimal degree and of arithmetic depth 1. In 
particular the projection map : X ^ X is an isomorphism (cf Theorem 15.71 ) and so X 
becomes smooth. Observe, that / is generated by 32 quadrics. 
B) Let X C P^^ be as in part A) but project X from the point 



P2 = (0:0:0:0:0:0:0:0:0:0:1:0 



0) G \ X. 



Again let X C P^^ be the image of X under this projection and define S, I, A as in part A). 
Now the Betti numbers Ui, Vi present themselves as follows: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


Ui 


32 


131 


234 


234 


140 


48 


7 














Vi 


1 


20 


155 


456 


728 


728 


486 


220 


66 


12 


1 



So, as above, we see that X is a smooth variety of almost minimal degree having dimension 
3 and arithmetic depth 1. Observe, that now / is minimally generated by 32 quadrics and 1 
cubic. So, if the same scroll X = S{2, 2, 6) C P^^ is projected from two different points 
Pi,P2 £ Pfc^ \ Sec(X), the homological nature of the projection X C P^.^ may differ. 
C) Now, consider the scroll X := S{2, 4, 4) C P^^, so that X is the smooth variety of dimension 
3 and degree 10 defined by the 2 x 2 -minors of the matrix 




3^8 ^9 ^10 ^11 
Xg Xio Xu Xi2 



Xs X4 X5 Xe 
X4 X5 Xq X7 

Its homogeneous coordinate ring is 

B = k[{s, t^u^, {s, tYv, (s, tYw] C k[s, t, u, v, w]. 

Define X C P^^ as the projection of X from the point p2 G P^^ \ X (cf part B) ). In this case, 
the Betti numbers Ui and Vi of X take the values listed in the following table: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


Ui 


32 


133 


248 


234 


140 


48 


7 














Vi 


3 


34 


155 


456 


728 


728 


486 


220 


66 


12 


1 



So, again X C P^^ is a smooth variety of almost minimal degree having dimension 3 and 
arithmetic depth 1. But this time, besides 32 quadrics three cubics are needed to generate the 
homogeneous vanishing ideal / of X. 



38 



MARKUS BRODMANN AND PETER SCHENZEL 



The previous example where all of arithmetic depth 1 and of dimension 3. By projecting 
rational 3-scrolls in P^^ from appropriate points we also may obtain 3-dimensional varieties 
X C P^,^ of almost minimal degree and of arithmetic depth not equal to 1. We present two 
examples to illustrate this. 

Example 9.2. A) Next consider the 3-scroll X := S{3, 3, 4) C P^^ defined by the 2 x 2-minors 
of the matrix 



/ Xo 


Xi 


X2 


Xi 


X5 


X6 


Xs 


Xg 


Xio 


\xi 


X2 


X3 


X5 


Xfs 


X7 


Xg 




Xii 



X has the homogeneous coordinate ring 

B = k[{s, tfu^, (s, tfv"^, (s, tYw] C k[s, t, u, v, w]. 

We project X from the point 

P3 = (0 : : : : : : 1 : : : : : : 0) G P^2 \ X. 

Like above we get a non-degenerate variety X C P^^ of degree 10 = codimX + 2 and Betti 
numbers: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Ui 


33 


142 


278 


284 


155 


48 


7 











Vi 


1 


9 


40 


141 


266 


266 


156 


55 


11 


1 



So, X is of arithmetic depth 2. 
The tangent line of the curve 

a:k^X; a{s) := (0 : : : : : : s : 1 : : : : : 0) 

in the point cr(0) contains ps. So, the secant cone SeCpg (X) - which must be a line according to 
Theorem 15 .61 (d) - is just the line i which joins and cr(0). The projection of i from p^ to P^^ 
is the point 

g:=(0:0:0:0:0:0:l:0:0:0:0:0)GX. 

So, in the notation of Theorem 15.61 we have Sing(z/) = g(£ \ {P2}) = {q}- Now, let a : = 
:= |,c := An easy calculation shows that there is an isomorphism 

e : Xt'iv2 Y := Spec (/c [a, ab, b'^,b^, b'^c, be, c]) 

with e(g) = 0, where Xt3^2 c X is the affine open neighborhood of q defined by t^v'^ 7^ 0. 
It is easy to verify, that Oy,o is a G-ring and hence that g G X is a G-point, as predicted by 
Theorem 15. 61 

B) Next, we project the 3-scroll X := S{2, 4, 4) C P^^ of ExampleETJC) from the point 

P4 = (0 : 1 : : : : : : : : : : : 0) G Pfc^ \ X. 
We get a 3-dimensional variety X C P^^ of degree 10 whose non-vanishing Betti numbers are: 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Ui 


34 


151 


314 


364 


230 


69 


7 








Vi 











6 


35 


56 


36 


10 


1 
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Now, X is of arithmetic depth 3 = dim(X). For each pair (s, t) e k"^ \ {(0, 0)} consider the 
point 

7r(s, t) := (s^ : St : : : : : : : : : : : 0) G X. 
Whenever st ^ 0, the two points 7r(s, t) and ti{—\/—1s, are different and the line joining 

them contains and hence belongs to the secant cone SeCp^ (X). Moreover the tangent line of 
the curve 

r : — > X; s ^ tt{s, 1) 
in the point r (0) = 7r(0, 1) runs through and thus belongs to SeCp^ (X) . Altogether this shows 
(cf Theorem 1521(d) ) that SeCp^(X) coincides with the 2-plane 

{(a : 6 : c : : : : : : : : : : 0) I (a : 6 : c) G P^} C P^^ 
Projecting this plane from p^ we obtain the line 

/i := {(a : c : : : : : : : : : : 0) I (a : c) G P^} C X. 

So, in the notation of Theorem 15 .61 we have h = Sinfffz/). Let a := -,6 := = ^ and 

let Xg2^3 C X be the affine open set defined by s^u^ ^ 0. It is easy to verify, that there is an 
isomorphism (p : Xs2„3 ^ Y := Spec (A; [a^, 6, ab, c, ac]) such that P := [b, ah, c, ac) G F is the 
generic point of ip{h fl Xs2„3). An easy calculation shows that Oy,p is a G-ring and hence, that 
the generic point of in X is again a G-point. 

We now present a class of non-normal Del Pezzo varieties. Note that these varieties are in 
fact arithmetically Gorenstein. 

Example 9.3. A) Let r > 4 and let X C P^^^ be the rational surface scroll S{2, r — 1), hence 
the variety which is defined by the 2 x 2 -minors of the matrix 

Ob ^ ' ' ' OCf 
OC • • • 

X has the homogeneous coordinate ring 

B ■= k[{s,tfvr-\ (s,t)""V] C k[s,t,u,v]. 

Now, let Q : P^"*"^ \ {p} P^, (xq : Xi : X2 : ■ ■ ■ : x^+i) ^ {xq : X2 : : ■ ■ ■ : x^+i) be the 
projection from the point p = (0 : 1 : : ■ ■ ■ : 0) G P^+^ \ X and let X := ^(X) C P^. Then 
X is a surface and has the homogeneous coordinate ring 

A := fc[sV-^tV-^ (s,t)'"-V] C B. 

As -B is a birational extension of A, the morphism u = q \: X ^ X h birational, so that 
deg X = deg X = r and X C P^ is a surface of almost minimal degree. Moreover, as X is 
smooth, V = Q f:X— >Xisa normalization of X and Sing(z/) = f)(SeCp(X) \ {p}) is the 
non-normal locus of X. 

Similar as in example |9^ B) we can check that the secant cone of Xat p satisfies 

SeCp(X) = {(a : 6 : c : : ■ ■ • : 0) I (a : 6 : c) G P^} 

and hence is a 2-plane. So, by Theorem 15.61 X cannot be of arithmetic depth < 2 = dimX 
and hence is arithmetically Cohen-Macaulay. 
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Moreover 

h:=X\ Nor(X) = ^(SeCp(X) \ {p}) = {(a : c : : • ■ ■ : 0) G | (a : c) G P^}. 

So, the non-normal locus /i of X is a line. 

Now consider the affine open set Xs2„r-2 c X defined by s'^u^^'^ ^ and let a := ''^'^ * 

r — 4 2 

and b := ^—r^- Then, an easy calculation shows that there is an isomorphism 

Lp : Xs2ur-2 — > Y := Spec(/c[a, b, —]) = Spec(fc[a, b, c]/ (c6^ — a^)) 

which maps h fl Xs2„r-2 to the singular line a = b = of the surface Y. The pinch point of 
Y can be written as ip{g{i\ {p})), where i is the tangent line to X at the point (1 : : ■ ■ ■ : 0) 
which contains p. 

The same arguments apply to the affine open set Xt2ur-2 C X. This allows to conclude 
that the open neighborhood Xs2i,r-2 U Xt2„r-2 of the singular line /i of X is isomorphic to 
the blow-up Proj(A;[a, b] [a^T, 6^T]) of the affine plane = Spec(fc[a, 6]) with respect to the 
polynomials and 6^. 

B) Let r > 5 and let X C P^^^ be the rational normal 3-scroll ^(l, 1, r — 3), hence the variety 
which is defined by the 2 x 2-minors of the matrix 



/ Xo 


X2 


X4 


X5 


\xi 


X3 


X5 


X6 



Xr+1 



X has the homogeneous coordinate ring 

B := k[{s, t)u''~'^, {s, t)v''~^, {s, ty'^w] C k[s, t, u, v, w]. 

Now, let g : P^+^ \ {p} ^ ¥{, {xq : Xi : X2 : ■ ■ ■ : Xr+i) ^ {xq : Xi - X2 : x^ : ■ ■ ■ : Xr+i) be 
the projection from the point p = (0 : 1 : 1 : : ■ ■ ■ : 0) G P^+^ \ X and let X := ^(X) C P^. 
Then X is of dimension 3 and has the homogeneous coordinate ring 

A := klsu'-^tu''-^ - sv'-\tv''-\ [s.ty-^w] C B. 

As i? is a birational extension of A, the morphism u = g f: X — > X is birational, so that 
deg X = deg X = r and X C P^. has dimension 3 and is of almost minimal degree. Moreover, 
as X is smooth, u = g f:X— i>Xisa normalization of X and Sing(z/) = ^(SeCp(X) \ {p}) is 
the non-normal locus of X. 

Similar as in example A) above we can check that the secant cone of Xat p satisfies 

SeCp(X) = {(a : 6 : c : : : ■ ■ ■ : 0) I (a : 6 : c : rf) G P^} 

and hence is a 3-plane. So, by Theorem l5.6l the variety X cannot be of arithmetic depth < 3 = 
dim X and hence is arithmetically Cohen-Macaulay, that is a non-normal Del Pezzo variety of 
dimension 3. 
Moreover 

^(SeCp(X) \ {p}) = {(a : 6 : : : ■ ■ ■ : 0) G P^ I (a : 6 : rf) G P^}. 
So, the non-normal locus of X is a plane, in accordance with Proposition l5.8l and Corollarv l6.10l 
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Finally observe that X in 19.31 A) is a divisor on the variety of minimal degree q{Z) C 
where Z C P^^^ is the variety defined by the 2x2 minors of the matrix 



pr 



X3 X4 
X4 X5 



In the previous example we have met arithmetically Cohen-Macaulay varieties of almost 
minimal degree which occur as a subvariety of codimension one on a variety of minimal degree. 
We now present an example of a normal Del Pezzo variety which does not have this property. 

Example 9.4. Let X C be the smooth 6-dimensional arithmetically Gorenstein variety of 
degree 5 defined by the 4x4 Pfaffian quadrics Fi, F2, F3, F^, F5 of the skew symmetric matrix 
(cf L8J) 





( ° 


Xo 


Xi 


X2 


Xs 


\ 




-Xq 





X4 




Xq 




M = 


—Xi 


— X4 





Xj 


Xs 






-X2 


-X5 


— X7 





Xg 






\-X3 


-xe 


-Xs 


-Xg 





/ 



According to |8| the columns of M provide a minimal system of generators for the first 
syzygy module of the homogeneous vanishing ideal I C S = k[xo, X2,--- , Xg] of X. Assume 
now that there is a variety W C Fl of minimal degree with dim W = 7 and X C W. So, 
W is arithmetically Cohen-Macaulay and of codimension 2 and by the Theorem of Hilbert- 
Burch the homogeneous vanishing ideal J C 5 of 14^ is generated by the three 2 x 2-minors 
Gi, G2, G3 E S2 of a 2 X 3-matrix with linearly independent entries in Si (cf LiQJ). So, after 
an eventual renumbering of the generators Fj, we may assume that Gi, G2, G3, F4, F5 G /2 is a 
minimal system of generators of /. As J admits two independent syzygies 



^iiGi + Xi2G2 + AjsGa — 0, Aj, G 5*1, i — 1, 2, j 



1,2,3, 



a minimal system of generators for the first syzygy module of / would be given by the matrix 
of the form 



N 



/O 




V 



G St 



5x5 



On the other hand there should be a A;-linear transformation which converts N into M - a 
contradiction. 



Remark 9.5. A) The variety X C P^. of Example 19.41 is normal and Dell Pezzo and hence not 
a projection of a variety X C P^° of minimal degree. The non-existence of the above vari- 
ety W C Fl of minimal degree thus is in accordance with Theorem 17.31 By Remark 17^1 the 
projection X C P^ of the Veronese surface F C P| is not contained in a variety Y C P^, of 



minimal degree either, according to the fact, that F is not a scroll. So Remark 1777] and Example 
19. 41 illustrate that the hypotheses of Theorem 17 . 3 1 cannot be weakened. 

B) The examples of this section (with the exception of the last one) are all of relatively big 
codimension. It turns out, that the structure of varieties of almost minimal degree and small 
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codimension is fairly fixed and cannot vary very much. We study these varieties more exten- 
sively in B. 

Acknowledgment. We thank the referee for his valuable hints concerning further investigations 
on birational projections from varieties of minimal and almost minimal degree. In fact, a part of 
his ideas come up already in an on-going joint investigation of the authors on projective surfaces 
X of degree r + 1 in P^ . We thank also Euisung Park for his comment concerning Proposition 
I34l 
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